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ZIESHEZ. HF. 8

> Logic vs (Analytic) Philosophy.
sense & reference / extension & intension / use & mention / truth &
provability / mutual vs distributed vs common knowledge / knowledge
update / belief revision / preference change / information flow /
action & strategy / multi-agent interaction / counterfactual /
causation / possible world / cross-world identity / essentialism /
induction / ontological commitment / concept analysis / laws of
thought / extent & limit / paradoxes ..
Leibniz, Peirce, Frege, Russell, Wittgenstein, Ramsey, Carnap, Quine,
Putnam, Kripke, Chomsky, Cantor, Hilbert, Godel, Tarski, Turing ...

> Logic vs Mathematics.
Logicism / Formalism / Intuitionism / Constructivism / Finitism /
Structuralism / Homotopy Type Theory

> Logic vs Computer Science.

Logic _ Calculus

Computer Science ~ Physics
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https://homotopytypetheory.org/book/

Mathematical Logic

vyVVyYVYYVYYVYY

First Order Logic

Set Theory

Model Theory

Proof Theory

Recursion Theory
(Homotopy) Type Theory
Category / Topos Theory
/ Categorical Logic

EEFHINEES

Computational Logic

VVYVYVYYVYYVYYYVYYVYVYVYVYVYVYVYYY

Automata Theory
Computational Complexity
Finite Model Theory
Model Checking

Lambda Calculus
Theorem Proving
Description Logic
Fixpoint Logic

Dynamic Logic

Linear Logic

Temporal Logic

Process Algebra

Hoare Logic

Inductive Logic

Fuzzy Logic
Non-monotonic Logic
Computability Logic
Default Logic

Markov Logic Networks
Situation/Event Calculus

Philosophical Logic
Intuitionistic Logic
Modal Logic
Algebraic Logic
Epistemic Logic
Doxastic Logic
Preference Logic
Provability Logic
Spatial Logic
Justification Logic
Hybrid Logic
Substructural Logic
Free Logic
Counterfactual Logic
Relevance Logic
Quantum Logic
Paraconsistent Logic
Intensional Logic
Partial Logic
Diagrammatic Logic
Deontic Logic

VVYVYVYVYVYYVYYVYYYVYYVYYVYVYVYVYVYYVYY

4/413



EFRIATRIZE
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Why Study Logic? — The glory of the human spirit!

> BERORNRERS.

> HEMICHAVESHNESE BRI ESRIELE.
> ALY RBANHSESR ], EEFRIBOR.

> JUTIZIEHEE AT R R VB HRAYS.

> NZBERIIRE (HR, IESSHFXR. BF....)

> BEHRERESHRARE, BT ASSODERIRE!

> BEESHREE — BMER

) , > EEEMREA. ML

R 2 \ﬁy ?E%/ERE

> BHERSIHZAR. iR
47 sfaT=i?
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PNEE

%1 fRE: (B8 — N=RiCHAR2MHLER)

x4 WIKE. WEZ. Wik (BuREiE: WRRERE)
J2EP Doxiadis, Papadimitriou: {Logicomix JKITMEZ )
BEED Bk (R XER. Bif — EFEZ KD

RAATR: BT
FR A0 S L R
x HEL EIJﬁ{J\EI’Ji‘ﬁHH

» Dangerous Knowledge fElGHIEMNIR > libgen
» The Imitation Game T&{55HX% > sci-hub
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https://www.dailymotion.com/playlist/x1cbyd
https://en.wikipedia.org/wiki/Library_Genesis
https://en.wikipedia.org/wiki/Sci-Hub

I ETR & K & k4R

iRIEEEIE: SERSRESR 10%. HAFRRESR 60%
> BIERFERRE O > A, 7ie
> IBUEBMMRIFIE © > Rl ¢
> HEFHE 6 > 53/
> FZZHARIE 6B > E ¢
> BEAERZ. 3F. itENRE. A > Paper
THERe. IESF. IAHIREZE. YIS, » Techniques e.g. IATEX,
ERI. BZ5e. HtERl=EMEaY Coq, Lean, Prover9,
RIF &b Vampire ...
KM: M SHER:
1. EZiE O ¢ FERAEX
2. 1B1EZ4E O 0 BEERE
3. IR&IBLE b o AIBEIE
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https://plato.stanford.edu/entries/formal-epistemology/
https://coq.inria.fr/
https://lean-lang.org/
https://www.cs.unm.edu/~mccune/prover9/
https://vprover.github.io/
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— MEJREERRY Toy Logic

iBi% FEE Var={X,7,...}), 2 X >V
BY: EE M= M, []), HF [X] cMm

MeX —Y HBENY [X] c[Y]

PR [ F o HENXEMEREM M EMeT U MEegp

ERXRS:
X->Y Y—>Z

X -7 X—-X
UERR: T'r ¢ HENXEFE—EU o A 1R TREVES ", HE
—PREEAESETEHE I, BT EEMN AT 4R
51+ E4UWEBBA - B,B—>C,C > D+rA —> D
A—B B-—>C

A—>C C—D
A—>D

TOER: BEELRIEIEN BRHIEEEEH? [ = ko
BE—T. EAUWREAH? A 5 B¥B— A
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FEsS A—-BB—>C R A—>C

iE|>Z B BY
Lt [Al < [B]. 18] < [€] — [Al <[]

12/413



Theorem (Toy Logic AYRJSEMEEIE &)
I''rp = TEgp

Proof.
XTUEBERY T+ o Zet4HE!, XIEUEBRKEN FAE340%.
> KEA L pel 8 ¢ BRI X - X B, BA Tk
> RIQIEAKERNET n BB Tre = Tre, MEKEA n+1
A tERkAZ.
T+l ifﬁﬁzafﬁf%ﬁ%?ﬁgﬁﬁﬁEE?EIE%%NU%EU.
CHEREAN x>z BE BEANER Tex->Y A
T'eY — Z.
B Ix] Y] B Y] clz].
FRLA[X] c[z]. BFTEX — Z.

Remark: NIEEX, HEEMUMRE
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Theorem (Toy Logic A& MHEIE Hb)
I'ep = T'ko

Proof.

> NGEHFREGE: R Tr o, FIET £ ¢,
B, NS M, EIE MeT B Me o,
> M =MD, B

M :=Var, [X]:={Y:TrY X}

1. & MU ET.
YA A—>B
&5 A—> Bel 1RIE [Al[Bl (9ENFI Y —>B T8
Ye[A] = Ye[B],BP M' A — B.
2. B M ko (FBIE M rp = Tro NSRRI ¥ ¢ FE)
BiZ&o=A—B & M e¢ N [A] c[B].
BD, XHEE v, Y e [A] = Y €[B].

EHNA - A FiLL Ac[A]. \T A< [B]. AL T+ .

14/kd3
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FRPEESTURIEFENRE, 888N T—IIRIZRENR
SRR

=T/ga/7
— =R
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BERY— A IRERIRIF AL
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Homework #

1. BEBRIESHI9T, SEEFNEEES.
— FERSFIRESR Bkt XEE—RJL NEE] | ALESRA
BE. BREG. DTS SEIE. NERITESS BCifFD
x| ©
— FIMFATIERI G FREMM— M EXE AT REISIE, SHIE
BREkAREL.

2. BItJ#E., BFEIC.....

Google / Wikipedia / Stanford Encyclopedia / Internet Encyclopedia /
StackExchange
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https://www.google.com/
https://www.wikipedia.org/
https://plato.stanford.edu/
https://www.iep.utm.edu/
https://stackexchange.com/
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3EfRBi Gottfried Wilhelm Leibniz 1646-1716

Don't argue. Let us Calculate!

> REH B, B TRFIE RRT
RS, BUR T THBIRSE, RIATEE
AT INRSRBRINE BRI B RS

> WEE. IIATTL SRR, 4N, SR
B BIRE. STFEANANNRE £02
BiE MM, Tﬁﬁm =, o
I, JHRESH. BEERL. it
B3 NEFRISTIK.

> BT, BiER

aWolfgang Lenzen: Leibniz's Logic.
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https://iep.utm.edu/leib-log/
https://iep.utm.edu/leib-log/

vy
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RmEIR

EEHER, £ Tt R ARTEERIEIN.
ol XMSEIEEEIINE, Bl R NEE, #
WNE B RT R RIRERE—E.
IFN B " ETERERYIR(D, STitt” IE T EREAIEE.
ANEREF, RENHNEEHEREN.
BEreNrTLUEE BaiaTr s ORI T INLAEE.
ODRT A, A RASENRED X SEXMBLESE
HittEEBIUTESZiek.

— ¥mex (ICRIBINIEmKXITA)

Don't argue. Let us Calculate!
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7R George Boole 1815-1864

> (BLERIEY 1854,
> FRAEL
pRZiE
> IBEIRRE
hAp.Elﬁ 245 2Bl

= Tme S

R S s BE iE
Figure: ISR OBIBEER, 20t | - e
%\ *n:uﬁ?"—?ﬂ\ FA H*EEE W 73_*5'5
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ARG MO A-=
RZE
> 1B
FFAT. &R
> 1BE
EEE
BFEFAT I=h= /NG
> BN
HEX

@ HETRAN @

> RS

20 /413



5% O

H==
==

PV = {~,A,V, >, o, (,)} U Var
Hrp Var == {p1, pa2, p3,... }.

Definition (/A:T:t Well-Formed Formula Wff — Top Down)
L [RFRIL p € Var ERR.
2. MR A BA W (-4) BEAT.
3. MR A, B RAT, W (AAB), (AV B), (A — B), (A« B) BEAT.
4. BRIEZ A, BIFEEAEATE.

A=p|(=A) [ (ANA)[(AVA)[(A—A)| (A< A)

> 1 =(AA(mA))
> T :=(-1)
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oo

10.
11.
12.
13.

14

No ok W=

Example

You are beautiful.

You are not beautiful.

You are beautiful inside and out.

You win, or you learn.

If wishes are horses, then beggars will ride.
You are beautiful if and only if you are smart.

If you want to get good, get your hands dirty and start solving
problems.

RZXE, NEAR.

RENKIR, SAFERET. /| BAAER, REENE.
REFREAE. / BFRIHRS, SUEr=%.

RS, TUETE. /iIREHTR, JukBH+E.
FEIFTE, MR

B SREEARAIFHE.

RHFEREFE AHFERENE. 551450, 25TH%
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ESHIEA
A panda eats,shoots and leaves.
Ao YR MFEREE K HEBHIIERS A.

-(KvS)—> A

N

((mK)VvS) > A

Definition (ATVKIIEEF)

f-(4) = (=4) J-(A) = -A
fr(A,B) = (AAB) fr(A,B) = AAB
fv(A,B) = (AV B) fv(A,B) = VAB
J~(A,B) = (A — B) f-(A,B) .= — AB
fo(A,B) = (A o B) fo(A,B) = < AB e




SIRFESHIZIE O

1. ~HEINERIES LSS
A— B
(A — B)
2. =, AV, —, > BNEEERERORES
-AVB—-CAD
(cA)V B) = (CAD)
Remark: ZE{SCHREEINE 1+2«3 =2
3. E—EZEEMHIAT, ABNEENER

A—->B—->C—D
A — (B— (C— D))

24 /413



(RS — BRI vs EEFTT o

Problem (4% Generation)

IRESE U FIHMERY v c U, (BB U LRIREEE 7 4Rk U BIEA
Eepre

Definition (B ™M)

WO =V
Wart = WoU | J{F®) :x e Wa}  deg(x) = un[x € W]
feF
W, = U W,
neN

Definition (B_EMT)
£5 S XWRE £ 2, ZENE, WMEEx, BHxe SN f(x) €S.
> Eé S BIFgheE, BB, Ve S BXYMER feF: SXT £ i
> W= NS : SBIAME)} 25 /413



(RS — BRI vs EEFTT o




BTmL vs BEMT &b

Example ($10 JTEAI LA /ARIEIE? )
> $2 JTERATLASE 1 ARIRE.
> 4 MEEETLUE 1 AREE.
> 2 PNSHRRILAE 1 ARENE.

aj
3
-3
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I ERFSNE

Theorem (AT _EAYAZRE)
$ P 21 RFAIMR. Rig
1. FBRFAEEMR P.

2. WHEEAT A.B, & A BBMRE P,
-A,AANB,AV B,A— B,A & B ZHGMHRE P.

B4, FIBATNEPEME P.
Proof.
Wi, = Wi* c P

[P(n)]
P(0) AVn(P(n) = P(n+1)) — VnP(n) :
P(O) P(n+1)
P(n) = P(Wft,) VnP(n)

28 /413



348 vs 1513

-

A B C

P(n) = "n rings needs 2" — 1 moves."

Example (‘RALLEIDTRKEEY? )

1. ANREREBI, BBASE_RBERY}
2. 5K

(SXEBI, FE, BEREEERANTE

20 /413



Definition (FAT, — IFHEN)

2T A BIFATE Sub(A) BHEUTHEENSRNES I
1. AeTl
2. -Bel' = BeTl
3.B—->Cel' = B,CeTl

Definition (FAT, — BIAEN)

(A} ifA=p
Sub(A) = { {A} U Sub(B) if A =B
{A}USub(B)USub(C) ifA=B—C

30/413



ME—EIEME = E—EEN
((=p)Aq) = (p A (qV (=r))) -
/N /N
(=p)Ag pA(gV(-r)) A A
/ \ / \ /SN /N
P qV(-r) - q p

| A /\

p q —-r p q -

> EEEE: R
> FRI
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BERIG O
> Negation &/RE: not / it is false that ..
> Jay and Kay are married, but not to each other. J A K A =M
> Conjunction §BY: and / moreover / furthermore / but / yet /
although / though / even though / however / whereas
> Disjunction #fHY: or / either or
> Implies 285 /R EFR: “if then” / provided that / in case / on the
condition that
> Neither Nor BEAA: negation of “either or”
> Only If (X&/BEBA: “in order that ..it is necessary that .."
> Unless BRIE: if not / if and only if not

1. I will not graduate unless | pass logic. —=PassLogic——Graduate
2. The store is open unless/except it is sunday. Open«>—=Sunday
» Even If B){&:

> |I'm going to the party even if it rains. (-=R - P)A(R—> P)=P

> The Allies would have won even if the U.S. had not entered the war.
WAGE->W)=W

» The Axis powers would have won if the U.S. had not entered the war.
WA (=E —>W)

1

LEHUESHIFRIAEESEED Counterfactual Logic. 1 ars
4



vV & N

Example ©

The programmer’s wife tells him: “Run to the store and pick up a loaf
of bread. If they have eggs, get a dozen."

The programmer comes home with 12 loaves of bread.
“Why did you buy 12 loaves of bread!?”, his wife screamed.
“Because they had eggs!”

wife.
1Bread A (Egg — 12Egg)

programmer.

(—Egg — 1Bread) A (Egg — 12Bread)

33/413



© e NG A D=

75>): FhE — Now it's your turn £

HAERIX.

UIERIRRIANERE, APAIRI IR,

RERELEERI, 78FREEEFT.

RINE, ERiiEE.

—IRIZAEEAIIEREEN, 7TERERR Y. —— DRE
INICAFEREDIA.

MEFRRBER :'“EUJ’JZHDEITZ‘ SNTHE BLIRRAZRIORY.
REIFAR, (Foa@idHia, FFAHRE .

N, REFRING, NASNETLE, B84, 7 IRFI5ERIAE,
MEFFRR/NE.

ANENSAVNEERIBIEER, 70 T EBRIRAIFE, WS RETA.

- WIERRME T EENNEST, APABEESK, FRIMrEFaED
- BEFTHEEK, [RAEKTS; BRHAYE, T EBkaEiisiX.
- REXBERNS, FFTHE S, T EEBREGRX.
- FE 100 S RAFBHILEEFRT D FM
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Digression — JIHABESE—|] “FeiES"

BIEUNE— NESE?
> EERASHESIRARIXE].
> PTRNREE vs IEET: (UNRIESHIXAIE?
> (REZEALUE DNA fA—FHES: —MIEFIES.
AL GRS ORI ERIA T IR0 AR?

H AR E SR
DF+)\NRFRAER RN

?

— Berry {#18

35,413
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E{EWE Truth Assignment & E{E3 Truth Table O

HEMER—NRFANEE. RIS
v : Var — {0, 1}

v

v

BEEWE v JLAEHE FIISEEER FERt BRIFFE AL
v: Wif — {0,1}.
P qglPpAq|pVqg|p—q|peogq
p|-p 0 0] O 0 1 1
0] 1 0 1] 0 1 1 0
1] 0 1 0| 0 1 0 0
S 1 1] 1 1 1 1
v(A— B) =1 0 < 0
v(A) < v(B) 0 1
Example: BA
> WIR 0=1, PBATERLT. A— B

» EREANHANE 1+1=2. 79 — E

36/413



Example

Lvp)=1v(q) =0,v(r) =1, Rv(pVr—=(p—q).

pVvr

P—4q

-(p —q)

pVr— (p—q)

p
1

q r
0 1

1

0

1

1

Remark: FEAS[BIEMAER T HMNELESHE v £5.

=1—=0

=1->1
=1

pVr—o=a(p—oqg)=1v1—-o-=(1-0)

37/413



"SIRER — REXE?
BB 3K-EA B IR EREN B EEERIE 7

Kih 18 FEEIEIRE!

MR x EREH, B4 2 EBIEH

P 9|p—4q
0 0 1 xX=n
0 1 1 x =12
1 0 0

1 1] 1 |x=1%

38/413



R

)Iﬁ}

Problem (BHPRIMEIENLD? )
HAE LGS 5B 5MmSEH.
MERE NRREETE, IPAERBKEIER.
AHPERID XARSLE!
Example:
10E NMRFE—BA, (FERBRLEZRE?
rE BER.
10E MRFE—LL, (FERBRLEZRE?
KE BAER.
icE Aftar
RE BEE—LS!

Remark

> ANRBAE LR, BRA %l%k’lf — RE|LER"

> HEAERTR ER %B "SCRE

39/413



Find the Error ©

EAEIRE y+2=y7

y+2=y = (y+2)?=)?
B yz+4y+4:y2
— dy+4=0

= y=-1

40/413



HEWE. BEFR

INREZBRT, B4, ERERANILEEEEER.

P q9|9>2p|p>4q9—>p
41 0 O 1 1
vo |0 1 0 1
vs|1 O 1 1
vg |1 1 1 1

n NRF A 2" MEEWE.

XE | BE/BR KR
B | (e’ )| FE
A— A A— B A —-A

B o
of;#iE | AEHE

2Truth Table Generator
41/413


https://mrieppel.net/prog/truthtable.html

e, BEES.

. BEEFN O

> TEE: A A BaEHER, HERY, FAERE v [F158 v(4) = 1.
(FERATBHIE v(A) =118H v = A)
> BIEES: e A JB{RE XWMERE v & vel U ve A
(Heb, veT 18 SHER Ac T &#H v A)
» BUE/ESI AT A BERH £ A HENE 0 A, BEER, 3T
FEIRE v 88 vE A
> BIEEN: A=B ZBNH A-BHEB:A.

PR B aliE BEEN
entailment validity satisfiability logical equivalence
AEB FA— B | AA-BARALKE A—>B=T
TEA EA -A Rei#ERE A=T
AE L ¥ -A A TLEE —A%ET
AEBHBEA |EAo B| Ao -BREHRE A=B

42/413



WE vEA i E TN,
BIEES TEA B E 10
BEWEE e
o] gett 5} /&R BEERE
EREEN BEEX
FEFrET R R LEHENGR | E5/83
B (RE" 1Y) ik PIEES

Remark
» “EREN: 80 MaEEBRERINEEFH—: 081
> HEEREN: S5t EEBAR RIS ENEERIX L ap TR
HEBXE—AE.
v(A) = u(A) v(A) = u(A) v(B) = u(B)
v(=A) = u(=A)  v(A— B) = u(A — B)

43 /413



Example

UEBB p A (=g vV =r) — (p = ~q) BEARTBERNEARBH.

p q v |pA(=gV-r)—(p— ~q)
0 0 0 1
1 10 0

pA(—gV-=r)—(p—-g)=0A(=0V-=0)—> (0> =0)
=0A(1V1)—>(0—>1)
=0Al1—>1
=0—>1
=1

pA(mgV-r)—>(p—>-g)=1A(-1V-=0)—> (1 —>-1)
=1A0V1)—>(1-0)
=1A1—-0
=1—-0

=0 44 /413



E%'ll:l = aF [+

“#%WJG
FUES s 2=
/ R,
N A JIFRR
B e A — AT
\ e X EY
(EEE MR s MR
KR

L E=iSw £l
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RIMEA

ENSIRENIE — BIERFENTZE
> HREEILHPLDMN. IE=EHRHEH.
> BEXRESHEE BFESENSENES. BFESHLIMT.
> TR ELRYER.
— BEFHBENNRFES. E8nTNNERES.
> SEmERRTFHENEERE
> B SERRAISTTEIRE L RNIBIEEN.
—BR. EREE. RE =R FHSSEERNRERRS, XS
BIESTIHFRXZR.
> Bf—/ i, EEMERNENER.
> EindSFIEHRAVE .
Remark: ZEEIEBRAESH, RIMBIESERRER TR, REFRIER
FrpRl It

46 /413



“<H

el EEME. AIREtHR

B BRI
—KoJRetHR
> p AZE
v : Var — {0, 1} > g
[A] ={v:vEA}
HE HE

(=p A=q) V (=p A q)

-p

0 1 P 4q

V1 0 O

0 V1 V2 Vo 0 1

vy|1l O

11 vs V4 vill 1

E i e
reqg |HE

EE

47 /413



Truth Assignment — set-based version &®
BEEWRE v : Var — {0, 1} AILIERKE FHIRENER T3t ERIRT

BaE:
L [p]l ={v:v(p) =1}
2. [T] ={0,1}Var
3. [1] =0
4. [~A] =[A]
5. [AAB] = [A] N [B]
6. [AV B] = [A] U[B]
7. [A - B] =[A] v [B]
8. [A & B] = [A]A[B]

o NSO g =

]l :=v(p)

[T] =1

[L] =0

[-A] =1-[A]

[A A B] :=min {[A],[B]}
[AvV B] = max {[A].[B]}
[A — B] =max {1-[A],[B]}
[A & B] :=1-|[A] - [B]|

EA— B
AEB O = ()
[Al<[B] o0

— ]

48 /413



FESISUEE (RE") 159? O

[ —PMBHRE {A1,.... A} BRI B ROIGIE

A, ..., Ay
B
BAAEEH
% ZEESHEN
Aq,..., An EB

1. YNSRAHE A1,.... A, NE, BPALEIL B UWHE
2. MREIE B NR, BBAELDE—RIR A AR

INERER S, APAXIRR
B2X
XTTR

ICIERE

49 /413



{RENSIEE (“RE") 1B? — Example

AV B

B x SR TEEEEE A= C

WNR x BEFEL B4 x +x 2B B—C
AR x 2BEL, A x + x 2B C

x +x 2IEE
N EYE T aEE.

AVB,A—-C,B—=CkC

BEFRETEN? — KET!
ERFEKE, (RIETSR7KEERNE
A VERRITS .

50413



BRULIUE — Example ©

> FORERHUR, B, FekEEE BEREE BENRTF.

A
AV B

> ik, 31 %, B, —[NEREINGE, ASEEEY. En
£, dE RIS A TERE, BT T R BT
1. WARHRITHY.
2. WNARIRITHA, ARTINENE.

AAB
A
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E(p—>q—r)—>(p—q)—>p—>r

BRIt IE — BEXR

P q rlgqor|[pogor[pog|lpor | pogopor [ (pogor)opPoqg opor
0 0 0 1
0 0 1 1
0 1 0 1
0 1 1 1
1 0 0 1
1 0 1 1
1 1 o0 1
1 1 1 1
pvVqg,p—>r,q—o>rEr
P g r|ipVqg|p—or|qgor|(pVvoA(por)A(g—or)—or
0 0 O 1 1 1
0 0 1 1 1 1
0 1 0 1 1 1
0 1 1 1 1 1 1
1 0 O 1 1 1
1 0 1 1 1 1 1
1 1 0 1 1
1 1 1 1 1 1 1
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B IFE — 32 RE

(p—>qgq—>r)—>(p—>q)—> p—>r

olo o

1

1
1
111

0 100
0 100

i X

- i

v | v
—
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B HIFIE — GEEEIU CNF

Ao B = (mAVB)A(AV-B)
A—B = -AVB
-(AVB) = -AA-B
-(AAB) = -AV-B
-—A = A
(AAB)VC = (AVC)A(BVO)
CV(AAB) = (CVAYA(CVB)
Example:
pVg—ogVr = =~(pVq)V(gVr) Elim —
= (-pA=q)V(gVr) Push = in

(=pVgVr)yA(=ngVgVr) PushVin

“pVqvVr Simplify

$p=1,9=0,r=0Mpvg—qgVvr=0, tEFTH
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53 BBIFAIZE — Now it's your turn £

WEBEHE
WEHESIN
Hepi
TFEE
JBNEE
TR
3%
FE%

-—A - A

A — —-A

AV A

(A A=A)

AN-A—> B
(A->B)AN(-A—>B)—>B
(A—>B)A(A—> -B) > -A
(A > B)A(mA —>-B)—> A
(mFA—>1)—> A
(mFA—>A)—> A
((A—>B)—>A) - A

Problem (FIEKEGSZRIS? )
At Uik MNRIFE—IN S, FagBEiek”,
PIECKE MNRXEEN, BAERE— I <=

[EY
H O WK NS O AW

[

Peirce {#

XEERE?
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AVB A—-C B-—->C

BRUCUERYFIE — Example: C

Proof.1.

EEER. O
Proof.2.

> FIE: SWEE v, BEveAVBEBEvYvEASCByveEBSC M vEC.
» BRiI&veAVB M veASLvEB.

» HveA MR veEA>CHE vEC.

» HveB M veB > CHEB vEC.

Proof.3.
(AVB)A(A>C)A(B—>C)—>C==[(AVB)A(RAVC)A(=BVC(C)]VC
=-(AVB)V-(-AVC)V—-(-BVC)VC
(mFAA=-B)V(AA-C)V(BA=C)VC

1l
= &
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2.3 BRUCUERYFIE — Now it's your turn £

AV B AAB Ao B AV B
-A—B —-(A—-B) (A—B)A(B— A) (A—>B)—B

AV(BVC) AAN(BAC)

o AVB A/\Bﬁjﬁﬁ

(AVB)VC (AAB)AC FF BV A BAA -

-(AV B) -(AAB) " ) AV(AAB) AA(AVB) ;

“AA-B  -Avop OEIRE A A R
AAN(BVC) AV (BAC)

(AAB)V(AAC) (AVB)A(AVO) VayivES

AvB -Bvc I.ArB
AvC I'eA— B

57 /413



A— B A —> B AV B -(A A B)
-A B A -A
-B A -B B

BREMERE SaREEAz SITESEENISETHN
BAR B HISTER B

HEATE WEAER LEISUEAR TR
> REF—IEN—LIP, (RRFERIER, BERFIE?
> RIP.

> BHRIXAEN.
185 YRAZBIEEN T A LARIZ KR T
JLF ERABSERNZ T ALARRZ KRS
195 {RRGIEHEREN T A RERIzkENR !
By all means marry; if you get a good wife, you'll be happy. If you
get a bad one, you'll become a philosopher. — Socrates
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Marry < GoodWife v BadWife
GoodWife —HappyLife
BadWife —Philosopher
HappyLife —PerfectEnding
Philosopher —PerfectEnding
PerfectEnding
Marry
% Marry = GoodWife = BadWife = 0 B
HappyLife = Philosopher = PerfectEnding = 1.
Marry < GoodWife v BadWife = 1
GoodWife — HappylLife = 1
BadWife — Philosopher = 1
HappyLife — PerfectEnding = 1

i B Marry=0

Philosopher — PerfectEnding = 1
PerfectEnding = 1
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RLRK vs Bl
NEERARIER, BR—1HEAR, ERABINALRR? &K
EARRERNETZIE.

— R (BARRIER)

NER, BHA—NRERAEF, HLRBTENEARL,
R e BRATERIEAEIIR, BRRERIFS AERIER.
FIEERERNET, ERCBIRERARIIRNER, B
RRTHEINERKANLE.

BMETTAZ TR, HAISE, ZTREFRT, BEZENABRIEA
IR, BUFENS ATIERN, MEXHEMERABERER

77,
— B (EROEARN=ER)

BEFEF - BEN
TEFEF
FEEN
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EUAVIEE S

(FUF - 7ia)
AT, WAL AR
> —JLE: "B BRAEEE AR, TiE Rt
> —JLE: "R BYIHIE, MAHED
> —JLE: AN, REFUIEE, HROEENHEEA
F7
> —JLE: “BIIHOERS, REBFIRS, RS AmEE R
F
> AFTEERE
> FIVLSEE: "L S T

Ad — X B9 — ) At — 7= B9 - &
RE - /NE - Im = el = e i

A — i BHY - iz At — & B - ik
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Example

BBZEREA (FEE)

MHE&ERT, —B%, [EEH: “HE%, ERtEESR? —XH: "8
. MHREE: “@Eusnz? €8 “EmAtE EEEREL. —FFR
I8, LAZEER" .

~[E]
,{:I:

5 - 9
AR, WA, - i
BT (B RIOERIER)
| IRIEEA AT, R RRERHREIINE, BAAT
FERKEHSIHIG? A4, BT, BARBHR.
> OSEEAREAVKE, R REIHIEISIAE. BAAE
IKEFSHEE? LA BRLA 289, FHER.
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T XEETE

> WNSRARTAF, WiReHss, MRRRER, MetSREE. ReETE
AR, B2, (REE RSB REEAB .

> WRRTAF, MIABEIEABE WRIFWAER, BiAseiHtk. REE
TREER, B2, REE RSB ENE ek,

A—C A — =D
B—D B — -C
AV B AV B
cCvD =DV =C

> BEEGW) T BAEMES, BTERG, IBRPATFE, FAH
¢7F§¥§’§ ......

—H | E
&IE, T-%; A=, TE.

- EF A8
LHREREIE—RE CENERNEL?
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IFRIFIE
> BRINEETERE: LFHEANE FERITRE—HERIRRFE.
> APEEAERRRFARMNEERITERY, TREIMEIMSFZEE.
> Zliin: R T, RIBEREFIR, (RO F R, WIRRR T, IRIEGE,
R F 2. BATMBE AR, (REBDRRFE.
> FAR: ANRITR T ARIBEEFIR, FARRFE, IRRR T, IRIESE,
HARAREE BABRREARR, BETRAREE.

W — P WAJ—>P -WAJ—> =P WAJ—> P

-W—-P -WAC—>P WAC — =P -WAC—>P

wyv =W wWyv =W wWv =W WAJ)V(=WAC)
? ?

P P ) -P : P
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FRHZCRIZAEE

> ZImEE—F n RSN 2 ERBEEK .
> B—hEITSEE— R A,
> FHPIRIER B 8 IR iZm
> WIREZZGE, W A, RACBGRNES, BUE -A; B
> WRMNEHGEESFE T, WEELM. IR » LEERImEE
BINRICEFE, FEBITNL.
Remark: {IRFAFRTEITANAME (A1, Ao, ..., A}, BARAIEE?
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tean: RigEImHEIRF2E
1. gv=(pVvr)
2. p—>yq
3. q

/ o 4 4 q =g
lose win
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REFEER

Problem (“BF" 5 “/hNA")
—BEE BF. IMANTREA BT REEE, M7 RIRERE.

L aiE BT
2 FHARE A"
3 ftuiE B
4 fH4IE BT

> p: REREF

AL, B /N ARG ?
AL, B “BF " ARLAR?
M N EBET LAY 7

M N BRI 7

B | p | A x 152 X

VNI 0 vi(x) =1

B |1 0 vo(x) =0
x=-p
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REFEER

Problem (B3¥5)

—BEE BF. DANTEEAN BF RiREE, DA RiBRE.
BAIIBENEBRS. EENESE—M 5EF MHS. S5EF " 7L
R—aHAEERE NS ) ?

> p: TBEBSA

> ¢ BEEF 0
B | p q| Bk x 187 X

ZNA]0 0 0 vi(x) =1 0 110
BEEF |0 1 0 vo(x) =0 p
BSIAAN|IL 0 0 va(x) =1 1 1
S5EF |1 1 1 va(x) =1

x==(=pAg)=pV-qg=qg—p=---
n n
Remark: $ﬁﬂy/éﬂy7§ﬂ X = \/ A p\_/A(/n) - A \/ P’_lfw\(/n)

kv (x)=1i=1 ' kivi(x)=01i

where pl = p, p¥ == —p. 68 /413



TH% Vs ll:l =

00| 0 0 1 1

ot gt (maAc)V(aA—-c)V b
1 1] 1|1

ab

10 1 1 0 0

o [@f®)] 1 | -

o1 1|11 ~((maA=bA=c)
w111 V(aA=bAc))

10| 1|1 (o] o]
~BEE: TAELREEKXE (RE 2" MEW), BRNHRED.

ab
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Problem (E2EFHIE)

I will return your child iff you can correctly predict what | will do next.

x=? = xeorer

r X xor|(xer)-r
0] vi(x)="7 ? 1
1| va(x) =7 ? 1
r X xor|(xer)—>r
0|vix)=7 0 1
1{ve(x)=71] 0/1 1
r X xor|(xer)—-r
vi(x) =1 0 1
1] va(x)=0/1| 0/1 1

rv-=r ifva(x) =1

{—|r if vo(x) =0
X =

Remark: &K x o r AiRE, WFESFHF x = -r.
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Problem ((BAKI/NELERZ? )

N . . 0 1
> IREIRE AR —NNE.
- BUBEREE 0| 1|0
b
> b RREBRE. 1| 0 |0/1
> 5 ARG
x=7 = xeo bVsEbAs
b s X bVs|xeobVs|bAs|(xeobVs) obAs
0 0| »ilx)=1 0 0 0 1
0 1| vao(x)=0 1 0 0 1
1 0| vs(x)=0 | 1 0 0 1
1 1lwx)=0/1] 1 0/1 1 1
-bA=s ifvg(x)=0
X =
beos if va(x) =1

Remark: EER x o bV s FHE, WBEF x = ~b A-s.
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(AWAN

if s =
pilC/p]l = {C npemp
pi otherwise
(=A)[C/p] = —A[C/p]
(A — B)[C/p] = A[C/p] — BI[C/p]

Theorem (Equivalent Substitution)

I'eBo C
'k A[B/p] < A[C/p]

FA = E A[B/p]
Example: EpV-p = E(pA-p)V=(pA-p)
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Digression — {alig “FZz(iB4E"?

> (TiE FEUEEE " WHERRA [C/p]:

I'eA
I'[C/p] F A[C/p]

> SR EEA, WERENETTAMELERRNATUCA, BRI

RX P anRRAZ VRIS 5.

p—pV—q
A— AV -A
(AANB) - (AAB)V —(A — B)

> =R A M@ R — 1 aliZEAT B, 15 A BiEXS B
HEREYEERTT pi SELELABRIIATC ¢ RARIER.

A :B[Cl/p1 ,,,,, Cn/pn]
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Digression — 2=, 55

V(©-0) =0Vo+6Ve

BE#KA (F+®&)
> i EREABE T AV, EITIFTEIZAL, BB RO RTERYIE
£ EFHIEF
> AEN, BIARREXILEE. BF MEET. BFKHIEREN
kb, b ARAET. EPEIBHKMmE
> BERIREIRTRRIAL, EEREEI.
> BIFFRMSIRTRAVET, EERIVEI.
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Digression — FZT\ S5 — RBBE—YITTRHETS!
Problem (FXARRFEFRZK? )
HRENFRERMNFERNREE, +5F80, NFERERNFRIN=(S.

Problem (X MRFEHJLNER? )
RMRFERNERYEZNR ARG, WRAENMRFERNH+
N B4, INRFER THRERHERI IR TFHN=(E.

x =2y
x—=10=3(y - 10)
x—2y=0 [1 21 0 ]
x—-3y=-20 1 -3]-20
1 =2][x] [0 x| [t =2]7"[ o] _[40
1 =3||y] " |-20 y| 7|1 =3] [-20] " [20
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Equivalent Replacement

Theorem (I B HAETR)

Rig B 2 A BFAR, A[C/B] 2R C &% B £ A FR—LHIEE
FIR9ER.
I'eBeC
I'e Ao A[C/B]

Proof.
I3ZRIERR. O
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v

Example ©

A logician's wife is having a baby.
The doctor immediately hands the newborn to the dad.
His wife asks impatiently: “So, is it a boy or a girl"?
The logician replies: “yes".
wife.

B?

logician.
1. A=BVvG A?
2. G & -B
3. A[-B/G] =BV -B v
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Contents

Formal System

Propositional Logic
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Why Study Formal System?

Why truth tables are not sufficient?
> Exponential size

> How many times would you have to fold a piece of paper(0.1mm) onto
itself to reach the Moon?

» Common Ancestors of All Humans
(1) Someone alive 1000BC is an ancestor of everyone alive today;
(2) Everyone alive 2000BC is either an ancestor of nobody alive today
or of everyone alive today;
(3) Most of the people you are descended from are no more genetically
related to you than strangers are.
(4) Even if everyone alive today had exactly the same set of ancestors
from 2000BC, the distribution of one’s ancestors from that population
could be very different.

> Inapplicability beyond Boolean connectives.
42
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Formal Systems

s N

It p(x)A q(X,Y)
then r(Y)

_conceptual model | iuxavy) %
) 7| thens(X,Y) :

If r(Y)a s(X,Y) ACME
then t(X,Y) Inference Engine

)

Expertise Implemented System

Tree Method
Natural Deduction
Sequent Calculus
Hilbert System
Resolution

vV v v v VvY
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AR RUZBHINT 7% ©

——A A— B ~(A — B)

/ A

A ﬂA B _|B

ANB ~(A A B) AV B ~(4V B)
B -A -B A B -B
A< B (A & B)
A -A A -A
B -B -B B
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IERR = A%

A—>B —-BVC
-AvVC

A—> BV

-BvCV

-(mAVC)V
\

_|_|A
/ ~C \
-A 5
x / \
-B C
X x
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WRZrikiEr® ©

V7 —MNRERFRAGRFANNEE.
A, —RKREHMTENAANRESE

A0 PR teER s A
VARIHRFIEEC B EE AR mER.
wES—HER IREE LRI TFE, NEEX SR <.
MBR—MENFAREEFEE LEFE T, WA ~ FRC.
WMNMRAEFFBHER LESEIRINCENIEFAT, NiELEER!
BNRYE, EHFRE DE—NIFCERNIEF AR EUR.
Goto 2.

o ok w =

3Tree Proof Generator: https://www.umsu.de/trees/
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HAR TR ©

Definition (1EBR)
Ai,..., A, r B EB{RE, FE—RM (AL, ..., A, B} FHIERIFIR.

INTS
1 DAY BRREE— I NBEERIERT, st —1%.
2. BEERIRR B,

Theorem (AISEMETE & THEMETEER)

Aq,..., A, +B F captures E
A, ..., A, EB No more, no less

A5 - = £ A% FIAIERERAICIEEEEXHY

5eE F = - A TEEMENCIEERREEIEAR K

Remark: IR—MpEZEANCIEARERH, BPA, EVF—AR
= BANMERFR LS SIS IE TR R IR AL

Remark: FER9FF2E BisEART = AYEE. 84/413




BT, T Bl R

AV BV AVB CvVvD D—>E?
CVvDV c
D—>EV

-C

c”

X /

$A=1, E=1,

B=1, E=1, D=1 C=
MAvB=1, CvD=1, D—E
BCc=0

|
—
@)
Il
o
> X
Il
—_ =
—~
(@]
-~
[@n)
N—r

Il
—

85413






e

XN B EEEFE?
—BEF “BF. DA FEA BF RiRERE, I RiRRIE.
RE—NBEE KB LBE 7T 1&E.

> R XN R FE

> 13E NMRKREEF BAXTZLEEEF
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HEE

XN B EEEFE?
—BEF “BF. DA FEA BF RiRERE, I RiRRIE.
RE—NBEE KB LBE 7T 1&E.

> R XN R FE

> 13E NMRKREEF BAXTZLEEEF

Ao (A—> BV

-B
A< (A—>B) A —A
— A>B/  —~(A->B)YV
VRN ‘
A
-A B _B
X X

X
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Curry's Paradox ©

WRXVEZER, BPALHHFE

Proof.

1. Ao (A— B)

2. A—-A—B
3.(A>A) >A—>B
4. A— B

O

ok =

A< (A—> B)

B

B WNSRHiE, BPA LT
Z: MRIRRIHE, B4 LFHEFE.
B ARAAIKIRIEE 17

Z: SR

B A FRIGEE. (RELHIA: W
REIQE, BALBEE. Ll £
THFE.

A & (~A A =B)

xaiEREN, FE, FEAGE | B
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Curry’s Paradox — How to Flirt with a Beauty

LR o7
L HiH—0iE, MRECREN, AR G
2. RIS
3 MBEREN, ARBAREET
4. YT
5. #AJ& Smullyan i T—81A. KRR HE—T ]!

x=? = aeoxkEk

Hi 3E2Z, [A{RANa)ERIm
WRIHER (REEMILZ RIS, BBAIRRIEZFIXNMNIBEHNE =2 —HF
(NG
Qo (GoQ)
G
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Don't just read it; fight it!

i
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5> PAZUEBA — Now it's your turn #

A—>C B—-D A—>C B—D

(A—>B)vV(B—C) AANAB—>CAD -CV-D— -AV-B

A—B -A—B A—C B—-D (A= C)AN(B—C)
B AVBSCVD AVB > C

(A—>B)—>C (A->C)v(B—C) C—>A C—B

B—C AANB—C C—>AAB
A— -B—> B —(A < B) Ao B

A— B -A e B AVB—>AAB
AN(BVC) AV (=A A B) A—>B—>C

(AAB)V(AANC) AV B AANB—C
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B3 BREHAITE — Now it's your turn £
UTHEEEREN Ao eiiE/RIEE.

B—C ” AV(B/\C)? (Ao B)—>C
(A—>B)—>C (AVB)AC Ao (B> C)

(A—>C)—>C? A—>BAC —|(A\/B—>C)7

(A->B)—>C "~ A
(A—>C)V(B—>C)? A—>B
AVB—C ) (A->C)— (B—>C)

1. WSRMFAEEMIRL AR, BPA “WNRIERA, RELN" 28
HAEB. FRLL, RIEE.
2. If you concentrate only if you are threatened, then you will not pass

unless you are threatened — provided that concentrating is a
necessary condition for passing.
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BSAMEE Natural Deduction

[A]"  [B]"
A . B_ . :
AVE AV B AVB C C .,
C \%
[A]"
: A->B A
B
AiB_Wl
[A]" [~A]"
: : —A A . L -
i +n i -n 1 + A
—|14_| A -

S HR T apRUERR < RISIAFRHZEARN.
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Examples

AV B -B
A
Proof.
[A]' [B]' -B
: T 17
AVB A A
A \/
A— B -B
-A
Proof.
A— B [A]'
.
B - -B L
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Examples

-—A _A
A -—A
Proof. Proof.
-—A  [-A]L ) A [-A] )
1 1
£ _|—1 i _|+1
A _|_|A
O O
-A— A
A
Proof.
-A—> A [-A]'
A  [-Al
J_+
L 1
A |

O
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Examples

AVB—C
(A—>C)A(B—>C)
Proof.
[A]! [B]?
7\/4» 7\/+
AV B AVB—C _ AVB AVB—C _
C - C .
_ v 1 ¢
AoC B>C
A

(A>C)A(B—C)

(A>C)A(B—>C)

AVB—-C
Proof.
(A->COAN(B—-C) _ (A-C)A(B—-C)
ASC Aoapr B—C v
C - c ~ [AvB)? |
c +2 N

AVB—>C 96 /413



ANAN-A

Proof.

AN-A
A ANA-A

AvVB A

Examples

Proof.
LAt .
[-(AVv-A)]? AV-A
1 1
— _|+1
~A .
[~(AV —A)]? AV —A
1 1*
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Examples

—AV -B
-(A A B)
[A AB]!
AV -B A [AAB]!
-B B
L _+1
~(AAB)
-(AAB)
-AV-B
[-A]! [-B]?
[-(=AV —lB)]3 —AV-B [~(-AV —|B)]3 -AV-B
L L
A B~
~(A A B) ANB

L 3
-AV -B
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Example — fR/REERR {MM=FRYEHZ)

> XEEREFNBENARRISH R, AARES FNREEED -S.
> RZ2IeH, BPARBUAIER P IB? X21ER 0 B?
> BifEEE 0.
> EAEBCARESRT P, XF—REFHNTAIEING L.
> MITEXERERED, XFLELEFIS -L, BAERFERRE
BTNTRIL F.
|~S8,~S = =R,~R = PV Q,P > L,F —> =L, Fr Q|

=R -R—-PVQO p_[ .y
PvQO -P
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Example — 1EEEM?

iy (BEEA) ?

O1 & Wb = RO ORI

(AEXAN) REHEESZEEM.
REAREMB, VRS EASEFRAL
NERBEEFANLALLER, NFRIFEERK.
NREBEFAVEAALER, WnsREETRA.
FRESRE M.

BvC
B — -M
T—L
-T - M

-L
T —>L -L
-T - M =T
B— M M
BvC -B
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Example — EAKEE

INREBIRKAEER L EBES S RENE, AR, WSRXEREE R
B, L BRI IRXERERERE, U L FiBKE. m—8
PRICEVELERAATRETIRIS, tEARTRERBKE. Blt, FERIRKAILR

D—- (L—>I)A(-L—N)
=1
=N
=D

[D]' D — (L—1I)A(~L— N)

[D]' D> (L—->DHAGL-N) (L—>1)A (=L —>N)
(L= D) A(-L = N) =L —> N -N
L1 L
I -1
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BRUCIE & MRS IE
1. Direct Proof(EL{%iERR):

A— B
A

B
Example: NMNBIEHCIIE IR

2. Backward Reasoning(RIHEFE): to prove B, find A and A — B.
Example: 18R x #1 y 2IFHASLEL, B4

xX+Yy

v

3. Proof by Contraposition(J#ZSiERR):

A—B

Example: 31088 3n + 2 EFE, BB4 n BEFEL

102 /413



B & IERRAE

4. Proof by Cases($3&/IERR):

AVB—C
(A->C)A(B—C)

Example: 38R n B, P4 n(n + 1) 2IBEL
5. Proof by Elimination(HEBRi%):

A— BvC
AN-B—>C

Example: SJFEE a + bi ¥ ¢ + di, WIBR (a + bi)(c + di) = 1, BPA
a#08b#0.

103 /413



6. Proof by Contradiction(RiEiZ):
-A—> B
-A — =B
A

Example: RRJLEBEE — KB LHZ.
7. Reductio Ad Absurdum (J3iZi%):
A—> B
A — -B
—-A
Example: [ SBRARIBEREL
Example: V2 2FIREL
Example: B&IPIFIL. ‘
Example: NHIRFARIEHEABERZ KRGS .

]
L1 L
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Hilbert Formal System = Axiom + Inference Rule

NED B

1. A-B—> A

2 (A-B—>C)»>(A—>B)-A->C
3. (-A—>-B)—>(-A—>B)— A

HETERLIL
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HAR EE"?

Definition (WEBA T' + A)
'+ A BE{RH, 7R A ERRBH2FS (Ci,. ... C,), Hep
C, = A, EEFIFPRIBNAT Cr k <n:
1. BERANIE
2. BEE T B,
3. HEHBIENATVESEERNER.
HIr=00, A BEE+ A

A Joke ©
HEFIBEFREXT. MRNEFRKEXFINKT. AeRETHESITRE.
HEFRERTE.
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Example

Theorem
FA—> A

Proof.

1. A-o(A>A) oA Al
2 (Ao (A>DA) oA o (AoA>D0A) oA A A2
3. (Ao A—-A) oA A 1,2 MP
4. A5 A—> A Al
5. A—> A 3,4 MP

O

Remark® Logic is like love; a simple idea, but it can get complicated.
> X TM tBFIE?
> X TM tHAEIE?
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Theorem (Deduction Theorem)

I'"A+B
I'rA— B

Proof.

Prove by induction on the length of the deduction sequence (Cy,...,C,) of
B fromT"U {A}.

Base step n = 1:

casel. B is an axiom. (use Axioml.)

case2. BeT.

case3. B =A.

Inductive step n > 1:

casel. B is either an axiom, or BeT', or B = A.

case2. C;=C; —> B

NArC; = I't A—>C;

F,AI-CJ'—>B - FI—A—)Cj—>B

I'rA—B 108/ 413



Contents

Meta-Theorems

Propositional Logic
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HL2 “Big"?

» Mod(A) ={v:vEA}
> Mod(I') := () Mod(A)
Aell
> Th(v) ={A:vF A} AEB &= Mod(A) c Mod(B)
>

Th(%) == () Th(»)
vekK

v

Cn(l) = {A: Tk A}

What is “theory™?

» GIFET B—NES, J3ENH, T = Cn(D).
» P I 25%&E0, YBNY, WEBGF A iFE Al 5E

-Ael.

Hig r 220, ZEME, B aTHENGFE = 615
I = Cn(Y).

109413



—4% & AEEME

EX:
» I 2500, HB{NH, x L.

> I 2R, ZE{RE, WEBATN A HiFE AcTHFE -Acl.

v

I I A—ER), ZBXE, ERERAHNNE—HH.
I BrlimER, ZBXE, Mod(I') # 0.
I A5 AHER, ZRRE, EEEESFEHREUHEN.
TE:
> RT 2, BT+ A FPATU{A} B—HH.
> Tu{-A} A5 ZB{E A
> YNSRI ZRA—HHY, BBA, A¢ T @SB TU{A) 7
> 5EG Th(v) = {A:vr A} BIRK—EAT.

v

v

110/413



IRUZIBRYRT R, eIt
Theorem (BIFEMETETR)
I''rA = TFkFA
Corollary
HENATVER—EHY.
Theorem (SEEMEIR)
I''ctA = T'+HA

Corollary
—HHNANERTHEN.
N''tA<—=T1*+A

]I ]I F captures k

IU{-A} rU{-A} No more, no less
NG ~—E 111/413




AP RUZEHY Z B eI

Theorem (EXMEIR)

— M RNERHTHERN, BBNE, BREFHHERN.
Corollary

MRTEeA WEFERHSFE T #8 [Hk A

Remark: —MRTUER—HRY, SRS, EREHIEHFERE—ERY.
Remark: fE—NeiFLSHTEANES EEEUERA.

{C/ Pi> P17 P25 - - }
i=1
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Applications of Compactness

’An infinite graph (V, E) is n-colorable iff every finite subgraph of (V, E) is n-colorable.

Proof.

Take {pf,'vev 1 <i < n} as the set of atoms.

r={plv--vpr: veV}U{ pv/\pv):veV,lsi<j£n}U
{ﬂ(pf,/\pw):(v,w)eEJSlSn} o

113 /413



JZHR4EF Emil Post 1897-1954

> Truth table

> Completeness of propositional logic

> Post machine

> Post canonical system

> Post correspondence problem

> Post problem

soundness
Provability N y Validity N
(syntactic v) ) 1 (semantic k) )

_ “there exists a proof.." .’ *v_ “for all assignments...” /,/
completeness

114 /413



T

? .
EA input output Y/N

> FENWRER, TIBTEREBAIEE—FFSHES AL,
> FENWRER, TIUBEEREBAEE—LTESHARIE
> FENWWRER, TIABEEREBAIEE—LTHEESH—MIER.

Theorem (Decidability — Post1921)
FENWIER, SEIEBHFATNE TV (A}, JUFIERS IF A,

Theorem

INRATE T BATHER, FBA Cn(I) BiBITRIHCERT.
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RGN, ANmEMER, BRuEin”

> EEME v Flap A, B8 vE A? —P
> EFETM A, BREFARE v F18 v A? —NP
> ETEMRE A, B F A? —co-NP

)
(

FIgU '€’ Hamiltonian Circle(NPC)

FIgU €. Eulerian Circle(P) F'gu '€X Graph Coloring(NPC)

4Aaronson: Why philosophers should care about computational complexity.
116 /413


https://www.scottaaronson.com/papers/philos.pdf

Contents

Boolean Algebra

Propositional Logic
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f/RAEL

iR VIA]|~-
— 1. BB ax+bx+c=0
O]1]|+
ax =0
(B’Oa 1,+"’_) bx:O
> x+(yt+tz)=(x+y)+z c=0
x-(y-z)=(x-y) -z x BYRREE S
> X+y=y+x x-y=y-x b<x<a

> x+(x-y)=x x-(x+y)=x BRHEEMRIEMY: c=0& b<a.

v

vV v v .Yy

x+(y-)=@x+y)-(x+z7) % WBRRE: ax=b _ o
x-(y+z2)=x-y)+ (x-2) ax=b & abx+bx+ab=0
Tox abx =0
FFY=XF X y=x+y bx=0

— — ab =0
x+x=1 x-x=0 0=%1 R

x BIRRERJ9:

x+0=x x-0=0 b<x<a+h
ril=l - d=a EHEEMRINELE: ab=0.

x<y=xy=0

117 /413



vV VvV VvV VvV Vv VvV VvVYVvVY

vVvyYyYyywy

X—y:=xy
x=1-x
x(y—2z) =xy-2xz

X<y &= ¥+y=1 ¢ x-y=0 & xy=x & x+y=

X@y =xy+Xxy
x=y e xdy=0
x=1&x

xX+x=x

XX =x Remark: x = x> BERELTFEE.

x=x = x-x*=0 = x(1-x)=0

x+y=1& xy=0 = y=X

X+Xxy=x+y
xy+xz+yw=xy+xz=x+2)(X+y)
x+y)&x+2)(y+z+w)=(x+y)(X+2) =xz+Xy

y

118 /413



f/RCEN (B,0, 1, +,-,7) HIBIF &0

> (P(X),0,X,U,n,")

30
/ t N
10 15
> ({k c k| n}ln lem, ged, ﬂ) where n is square-free. f P4 >< ?
n=20 MARRL, 2=2=10,2-2=ged(2,10) =2 # 1. \ I /

> 2:= ({0,1},0,1, max, min, 1 - )
> Lin:= ({[A]: A € WH},0,1,+,,7) where [A] = {B:+ A & B}

0:=[1]
1:=[T] Wit
[A] +[B] = [AV B] Antal] \
[A]-[B] = [A A B] Lin —— 2
[A] = [A]

119 /413



IRUZIERNfR/RENEN &b

EERRRE M = (M,0,1,+,-,7, ), M _EBIIRME v : Var — M AILUIE
WE R FIRARER R iﬂ_ﬂﬁf REFEAR L

L [pl = v(p)
2. [T] =1

3. [1]=0_
4. [-A] = [A]

[A A B] = [A]-[B]
[A v B] = [A] +[B]

% [A] = 1 B, BANE M.v e A, BEXHER v BRI WIS Mk A.
> EHEEERERR M = 2 = ({0,1},0,1, max, min, 1-,< )
> B M = (P(X),0,X,U,n,,c), M

EA— B
AEB

[Al <[B]
[Al < B

o
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REBIR vs TIRICE 5%

> For a Boolean algebra (B,0,1,+,-,”, <), build language & by having a
propositional constant P, for each x € B.
> Construct propositional theory Ty in & by adding for x,y € B an
axiom
P, — P, ifx<y
and axioms
Py APy & Py,
PV Py < Pyy,y
—|Px g P;
> Then Boolean algebra B is isomorphic to the Lindenbaum algebra
Lint, of its theory Tp.
B = Liny,
> We call two propositional theories equivalent if their Lindenbaum
algebras are isomorphic. Then for a propositional theory T,

T = TLinT

121413



AH

np A

=

Fy
x <

<

avVb,a—c,b—-drcvd
(a+b)(5+c)@+d) <c+d
(a+b)(@+c)(b+dyed =0

(a+b)(@+c)(b+dycd
~ (a+b)(@+0)e(b +d)d
=(a+b)achd
—pachd
=0

122 /413



/RIIERYERE 6b

Theorem (FR/R73T2AVIERE)
Let f : B — B be a Boolean function for which f(0) - f(1) = 0. Then

fx)=0
g
FO) sx<f(D)
)
x=f(0)+6-f(1) for6eB

Example: x =7 — E(ax) > k

f)=(a-x+a-x)+k=0
a-k<x<a+k

x=a-k+0-(@+k)
123 /413



Problem (REZ|7))
1. {FEIBEEMIFR2ETEGR ).
2. —ARIGEE —ARIGRIE.
3. — [ IBRE, — JEithsk.
4 ARREEMEP—AR— “B/A " RIE.
5. BARHERERI]?
<t T F—PANREI.
> IRIEIRIEE—PMAERE x, F—PNAERE x AIEIE:

v

a=tx+1tx
> FEREEZPABR 0: WREBS— AR ", i ‘8"
ng?
> FETNAXERE 0 BIEIE:

ta+ta=ttx+txXx+1(tx+1x) =X

> & x A EMTBERE", a1 0, IRIERERE, SEERAY.

124 /413


https://dbfin.com/logic/enderton/chapter-1/section-1-2-truth-assignments/problem-7-solution/

Problem (KE2Z|7)
REIBEARIF2ETEARI ).

1.

2
3
4.
5

- —ARIREE, —ARIRRE.
L —IERE, — )@

{/J\P\%‘EF]HEF'—ATE—A /8" Hia

> 1 {RIRELE
> h: K JBXRE

x=7 =E({— (x & h) A=t = (x & =h))

f(x) =t(xh+Xxh) +7(xh +Xh) =0 & x=th+1h

- IBARHEXRER]?

t

t h x xoh|xeo-h|tosheoeh | at—-(xeo-h) | Al FDE
0 0l =1] 0/1 1 1 T T N
0 1|vex) =0/ 0/1 1 1 1 1] v
1 0vs=0] 1 0/1 1 1 1] N
11| =1 1 0/1 1 1 1] v

x=teh
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https://dbfin.com/logic/enderton/chapter-1/section-1-2-truth-assignments/problem-7-solution/

Contents

. ) Application
Propositional Logic
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Wumpus H7X%

SSSS. “Broe—"
§Stench ;—B@; PIT
“Breezs —|
$s3s, B
Stench PIT ~ Breeze |
l o T
~/ Gold W~
5«« ZBrégzg —
Stench T
hees — | WV | Z5e ]
START

Example: By & P11V Py V P3y

>

squares adjacent to wumpus are smelly
squares adjacent to pit are breezy

glitter iff gold is in the same square
shooting kills wumpus if you are facing it
shooting uses up the only arrow
grabbing picks up gold if in same square

releasing drops the gold in same square

KB = wumpus-world rules + observations

Automated Theorem Prover: Prover9 is an automated theorem prover
for first-order and equational logic, and Mace4 searches for finite models
and counter-examples.> Vampire is more powerful.

5Adrian Groza: Modelling Puzzles in First Order Logic.
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https://www.cs.unm.edu/~mccune/prover9/
https://www.cs.unm.edu/~mccune/prover9/
https://vprover.github.io/

O

» Every row/column contains every number.

9 9 9 9 9 9
816 29 AV reGim NNV pG i
1 5 8 i=1 n=1j=1 j=ln=1i=1
9 4 _
1 9 > Every 3 X 3 block contains every number.
5 1

2 2 9 3 3
8 5 5 3 /\/\/\\/\/p(Sr+i,3s+j,n)

2

» No cell contains more than one number.

[, j.n) = the cell i ' A
p(, j,n) € celbin row forall 1<i,j,n,n” <9andn#n":

and column j contains the
number n p(i, j,n) = —pi, j,n)
> —ANEORETLIEF— MR,
> MNRERAERTIEEEHRF, W RE A—F
> ARG T BRFEEFLA RS LIRS, W A R5eg,



WM

CAOy — COy
Ho0 A COy — HyCO3
HC1 A NaOH — NaCl A HyO
HCI A NaOH A C A Oy — NaCl A HoCOg

HCl NaOH C O
HCl NaOH H>O COq
NaCl H,COs5
NaCl A HyCOg3
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BR, FBze. K. KERERREHA?

\

?/._J

Your friend’s
house
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FRZEMFEBREIL

A\ B\

c\ -
9B\

A\

(AAB)V ((CVA)A-B)
AV (CA-B)

A\

130/413



FRZEMFEBREIL

A
A
C >
C
B

(AVv-=C)A(BV-C)
(AAB)V=C

131/413



FRZEMEBRIRT

ERTINURFFR %}

> BARRA BRI IRt R —= AT
(AA=B)V (-AAB)

+

j}

j)}c

I D

132/413



FIZ IR MR RIS T
> BAREA ETIRHTTR IR

(AAN=BA=C)V(-AABA-C)V(-AA=-BAC)V(AABACQC)

Problem

Rit— M ECE =IERRAYRIGHE, BXED ERMERETRIMICRR A 6E
Ay ="

133 /413



RZEMEARTE

> THEIBRE
0,1,10,11,100,101,110,111, 1000, 1001, 1010, 1011, 1100, . . .
> ZHEAnE
1 0 1
e leo 1
1 0 0 O
> SIFHR—EAINNE, VBB SHINERYNE o, INEEYE b,
VAR E—(IA9HAT c.
1 X—FREEHUSEENS a. b, c FELBREN 1
(anb)V(bAc)V(aAc)
2. X—{UEbRE A 1 HBBRE a,b, c PIEFE—D 1 =1
adbdc

Remark: ;X087
> BHER D REAREETLARZ9E] SAT (Rl
> BHEOME RSA ZRAVEM. & P = NP, I RSA B534.
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FRZIEMICIZ S

T

A
L
yz(c/\—vc)V[(c/\x)Vy]
y=cx+cx+y

_x ifc=1

Y= y ife=0
Remark: /735 & c =1 Y, 3B x &% y i5E, & c = 0 BY, y =W
58
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ER PR Al B4R Circuit-Satisfiability Problem (CSAT)

—
L
EE—MI/RBE, EEFa—HRANEERLEA 17
> CSAT 2 NP =24,
» CSAT BJLUFTFE SAT; SAT £ NP T2/
> 3SAT 2 NP B2, (3SAT 28N FERAE 3 MNFHEEER
AU B M A)RR)

136 /413



B5IEB

y

’
1

y2 X |y

Y1

’

Y1 =Y1Y2 Tt YoX

’

Yo = Y1Yo + y1X

137 /413



LTERNT

gl

al

1

1

1

0

0

1

roa gl|r

100

11 0{0 O

010

~ IS

<
Il

~ 3 R0

138413



B3]

— W3
i

neither left,right
Ieft,right

neither

> States = {close, open}
> Input = {left, right, neither}
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A1 E — Fredkin Gate: CSWAP

c c c c c c
a cb +ca 0 c a ca
b ca+c¢b 1 C 0 ca

BHIL ¢ RIFARET; 1B
He=10, o F b M2

f:(c,a,b) > (c,cb +ca,ca+ch)

v

Fredkin [ JRIAH A1 ELEAE].
FEe I ES, IRBEEEHIER RN E
IRBREERERL IREHIE.

Landauer JRIE: (& 1 LS E SRR
BAFERZED kT In2 FURE.

v

_— O =) O~ O F OIS
v

== =0 0 O OO0
— OO~k O OIS

=== O O O ON
—_ O R O = OOl
_ = O O O O
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- HEE (FTHE-)
> TRERIAR, (B
> EBESE (F1ERIF)

PAUL J. NAHIN
LOGIC
W AV
A IAVEVS

(a) #7R (b) FR (c) a7k & BER

141/413



McCulloch-Pitts A THRERMLE (2R HEES)
1

X _
SR

out ht bias
inputs weights 1 >0 A
+1

activation
X1 b _Uoutput 2

function
w1
\ 1
: y s |-
/ \@—‘ X>0 4
Wi /+'

Xn linear nonlinear X2
n

=g Z wWiX; + b lo
i=1
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domestication domestication

domestication domestication

n
1 if Ywixi+b2=0
1-layer NN y= El o

0 otherwise

143 /413



1|+ +
0l- " +
0 1

X1 X2 | X1 D xo
0 0 0

0 1 1

0 1

1 0

1
1
BRRAWTTEBREMEAT 23 (FLaNFea®).

AR o )R

Figure: V, A, ®

wi0+we0+b <0
wi0+wel+b>0
wil+wo0+b >0
wil+wol+b <0

b<0

wo+b >0
wi+b >0
wi+twa+b<0
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X1 ®x2 = (mxyp Axg) V (x1 A —x2)
~—— SN—— S——
y hy ho

Output Layer
107
7.84 -7.41

@ 0 @ Hidden Layer

499 549° 518 534
102
@ @Input Layer

Training Loss

Current Loss: 0.0011

Loss

0 200 400 600 800 1000 1200
Iteration
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(=) — AFITEY
> BHAE: BUARERNAPINGEST, EIMIREE=THAE,
OB ESERRCET— AR BT T
> DHEE: BT BARSA TR, RIENEET. . BIMEE—T
TR I8, B LA AR — D ERGE, IR RSTHA
TRAFRRENEE, RHEBLTNAMBE TS 7S

F=G"3* ——a=

! l

Ar = vAt Av = alAt

3

d?r; Iy — Ij
= - Gmi——— i=1,2,3
dr2 Z M EEE !

J#

RERESENERESSER?

OLUTRIR T —IKIEIRE. (BRI n > 3 AARISERS. thE AR APHRARIRAY
RiE), aNSREURT2 AR, NIRAAEBEANENTR, NMIER EHEE (FIMmey E7H
Bug BT, RMERA EHERFSCRRIEME ©). FL L, KIFRRIISSEAR.
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IRE RIS

Inductive Bias

input x output y

Parameters 6

L

Figure: B8 (IOyR¥IEFE) & Walter Pitts & Jeff Hinton 147 /413



BHRZI]
Problem (PRSI JIEEEH?)
1. Z@NPRE—EEERZ], BINEEEFXTZI].

2. NEMEED>E—LRERN.
3. NEMEED>E—aRE.

freedom

freedom freedom

is behind isnot behind @IS not behind

the blue door

this door this door

L. (rA=bA=-g)V(=r AbA=g)V (-rA=bAg)
2. rv-=bVv-=b

3. =r V anb V —=b
148 /413



Solution

r b g|l1l 2 3 r b g

00 0[O0 1 1 0 0 0f1x
00 1|1 11 00 1

01 0/1 01 0 1 0]2x
01 1/0 0 1 01 1]1x
10 0[1 10 1 0 0]3x
1 0 1/0 10 1 0 1/1x
110011 1 1 0]1x
11 1[0 11 1 1 1/|1x

(ra=bA=-g)V(=rAbA=-g)V (-rA=bAg),rV-b,-rVvbtrg

-rvb
-rvbvg

rV-b
rv-bvg

ﬁ(r A=b A —|g)

“(=rAbA=g) (rA=DA-g)V(=rAbA=g)V(-rA-bAg)

-r A =b /\g
(rbg + 7bg +Tbg)(r + b)(F + b) = Tbg
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Problem (EiI{EHFE?)

rEEBE=E], RE—ENEEERE. NLZE—9F RE—FiIL
IR HEIE.

O EFERAEXIL.

@ FERAEXIL.

G EFEEOSI].

Solution

> @O 1, @ tz; D 12

1. RE—EI]ENERE.

(—|t1 A ==ty A —|12) \Y (—|—|l‘1 A —tg A —|l2) \Y (—|—|ll A ==ty A tz)

2. RE—RBIERER.
(l‘l A —tg A —|l‘3) \Y (—|Z‘1 Aty A —|t3) \% (—|t1 A =ty A t3)

21;2;2 +;1;2 + ;1;21‘2 =1 = =1
2‘1;2;3 + 212‘2;3 + ;1;21‘3 =1 = t9=13=0
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PR ARRIES 57

Problem (IBFAEKIBEZ S?)

FEEBE. . A=FKE =RKEDIH=""TREHTETFE.
L ERIPDE: AREZD. IRAKESDRYE, PRESD
2. PRRIFE: KiK. AREAESD.

3. ARIFLE: ERETS, FEAE.

Solution
1 ~(xA(z—>Y))
2. =(~x A-Z)
3. =(x A y)

xZ+y)xzay =1
xZ+y)+xz7+xy=0
z+x=0

z=1,x=0 151 /413



RFEH

Problem (BEARZIXREZ?)
A,B,C,D UASINT —17=E.

» AN C%E 1, BE2.

» BIEM: C5% 2, D5 3.

» CHBM: D54, A2
FERBABRIBXY T —F, KBARNBIX.
Solution
SX FTRXBEI B

(C1B2 + C1B2)(CaD3 + CoD3)(DyAs + DyAz) = 1

U
C1C3AsD3sD4By = 1
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BNLTREE
Problem (RM\—"1MEFEBEE—VKRMER, BeRiCinEENLIEH?)
> EAETF NREFER, —NRERT, — ) FEEE.

> IREEERRTERY.

Px — Py Hx#y . HAFxe{a,b,o}.

Px—-0x HP+QB H P,Qec{A B O}
Bo Bo — -Ao
-Ao AoV Ab
Ab Ab — -0b
-0b Oa Vv Ob
Oa 153 /413

< Px FTorinel P NEFERE x. A B O
AoV Ab a b o |Xx
Ba Vv Bo Z o b X
a o | X
Oa Vv Ob b o alv
o a b |V
o b a | X

ok =




=EE{EI

Problem (FEIB—IIEXMNaRAIEREE?)
L. ERFBL

TERE—I

LERTEI

LFEFE—II

LERE—IN

LFERE—IN

o oA W

P1 = P2P3PaP5D6 2 3
P2 = P3P4P5Ps
P3 = Ppip2 T pa=p2 2

P4 = P1PaP3 + P1P2P3 + P1P2P3 p2=ps=0 5

P5 = P1P2P3Py u
P6 = P1P2P3P4Ps

o ok wnh =
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Problem (HEREF? HEE/NA?)
—BLEE BT IDNTREA BT RREE M RiRERE.
IREBS BRI, NE. INE=ENLEE.

1.
2.

NI NERNSESTR, BBV NBIRAIMERE "
NA: MBNEVNFIRELE, BBA, HN=AFEERE—ARE
IEEAATRERY

3. N INEINBTR TR BN SN S FR R EE
l.a=c+a+b

2. B

3.c=(a+b)(a+c)+aba+c

b =a+c+abc +abc + abc

c=(@+b)(a+c)+abac=(a+b)(a+c)+0=(a+b)a=ab

b=a+c+cc+c+a+bbc+c+a+bbc=a+c+0+0+0=1
a=c+a+1=1

c=ab=0 155 /413



#5>] — Now it's your turn £

Problem (FTEMIE?)
1. ANRBATEFTRIEK, BBAAEFB K.
2. ANRIEAEENEK, BBHIEIEMNERZIE.
3. (B SEEAT PR LA LRYSE.
Problem ({RIE FEALTERIHE. M) LHAR?)
1. BEEX. Ika. TREB=IERFREEEMIERIK.
2. BERENTREEAEFRVAZ—H, ERRZ.
3. 1EBRRIFER ISR, BUARIZTRERE, ME, REZRE
A EEEX.
Problem (A, B, C, D FUNGEEEA, 1EBSE?)
1. WI5R A B5E 3P4 B thESE.
2. NR B B BARE A BFEHE C B
3. AR D B, B4 A B
4. 3N D FFR, B4 A BEEM C AR 156/ 413
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FREES Gottlob Frege 1848-1925

FZ/R= Charles Peirce 1839-1914

v

(ST — M E AR S SR
NFIES) 1879.

AR R SIS 2

> IEEBECR

(X% & &)

(Every boy loves some girl.)

v

subject _ argument

predicate  function

> BEEF

The evening star is the morning star.?

aFrege: The Foundations of Arithmetic. 1884.
bFrege: On Sense and Reference. 1892.
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Why Study Predicate Logic?

> ApRBIETIIR tH R SR SCApY
> BRZERHAES
LAMR AL B B BRE. ST . BR -
2. KE: M. BRY. AT, BE RXF, Bk, & .
3.0 BRE: P A R BE, RIFIER. S .
> 1BIRZERIZRIA TR

Father(Father(alice)) = Father(Mother(bob))

Cousin(alice, bob)

o] FiFiciia INRIgHiE
Propositional Logic | facts true/false/unknown

Predicate Logic
Temporal Logic
Probability Theory
Fuzzy Logic

facts, objects, relations

facts, objects, relations, times
facts

facts with degree of truth [0, 1]

true/false/unknown
true/false/unknown
degree of belief [0, 1]
known interval value
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Example ©

What will a logician choose: philosophy or money?

Philosophy! Because Nothing is better than Money, and Philosophy is
better than Nothing.

p>0>m = p>m

—dx(x>m) = 0% m

A cat has nine lives ©®

No cat has eight lives. A cat has one more life than no cat.

EINZZEFEIE — Lewis Carroll
> “| see nobody on the road.” said Alice.

> “l only wish | had such eyes,” the King remarked in a fretful tone.

be able to see Nobody! And at that distance too!”

“To
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vV V.V vV Y VYV VY

v

HAR "85

All students work hard.

Some students are asleep.

At least six students are awake.

Exactly five students pass the exam.

Eight out of ten students are good at logic.
Nobody knows logic better than Donald Trump.
The present King is smart.

Most/Many/Few students love logic.

There are finitely/infinitely /countably /uncountably many elements
such that..

For all but finitely many elements...

» There are more enemies than friends.

> Some girls admire only one another.
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S

==

k!

> c

5% O

signature

FLi={~,AV,—,,¥,3,=(,)} U Var U Cst U Fun U Pred

Var = {x; : i € N}

Cst:={c; :i e N}
Fun := U Fun"” Fun" = {ff‘,f{’,fg", .. }
neN
Pred = U Pred” Pred” = {P”, Py, P35, ... }
neN
ERTHS

> " 2 n JTTREES
> P 2 n TS
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I & "=, O

Definition (I Term)

t=x|c|f,...,t)

where x € Var, ¢ € Cst and f € Fun.

» Term is freely generated from Var by Fun.

Definition (AZ{, Well-Formed Formula Wff)

atomic formula

A=t=1|P(t,....1) | "A|ANA|AVA|A > A|Ao A|VxA|3xA

where t € Term and P € Pred.

> Wit is freely generated from atomic formulas by connectives and
quantifier operators.
163 /413



vV v v vV VY

vVvyVvVYyy

5% O

AAB:=-(A— —B)
AVB=-A—>B
Ao B:=(A— B)A(B— A)
JxA = -Vx-A
1 =AA-A
T ==L
I, FI. 2. FRRNENX
T TN Wl SRS
TRFN A TCRYME— T IE
BIESHAE:
1. AHRINEIES T LIS
2. =Y. 3,0, v, -, o RNASEERXIRKSS
3. E—EEESSHI, ALEAEHER
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29RTIT & BAE

AyVz(=3xRxz — Rxy A Rzc)

| > 55T x HIERAN VA (8 3xA)

Vz(=3xRxz — Rxy A Rzc) BF AP RLIZEAI(bound).
‘ > 35T x FEIARARNRIAER
—3xRxz — Rxy A Rzc El’](free)
/ \ > T@) T TAYIN 971 (closed /ground
term
—dxRxz Rxy A Rzc r RSB TGEI’J/\TjjIZ_f]/\_t/"@
‘ / \ —(closed formula/sentence).

dxRxz Rxy Rze  jgB-

| SN N e Ve T b
Rxz x Z

¢ > Bu(A): A A PARE maﬁ e
/\ > Fy(A): AT A shEHTTHISE
X e
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Remark

> e EERENFREAR, B "BEREE", BNEENR, B
BRENXIR.
1. HEELTE (RIESwI) BEE. v
2. ZRHMBRE (FHESHL) auFE. x
3. R (BB SRIL) BuEE? 7
4. ERAZMCUERR, ATLAXMEIERR. 7
> ARNEaE.
1L BEAR (BESREL) KIS,
2. FFAAERRE (HHESmI) BuFE. x
3. RARREBEE. /
4. RARFREBEIEE. x
> BEEHEETHN T EMmRES, L8 BT TTHEEREE AR
Lox &y BEE. 7
2. x 2 (HESREL) BFE. 7
3. MRHNTRE y BUEE. 7
4. BEENTRE (BESkEL) BFE.
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W XMFENMNF N

#;IE — Fin "EIEIS

A FEZFEEES. Vx(Sx — Px)

E ,xﬁ?—i,j—n,. Vx(Sx — =Px)

| BLE4Es Jx(Sx A Px)

0 Bx ET,—-—-. Fx(Sx A =Px)
BEFAZAEESNFE.

Ax(Sx AVy(Sy A Py — Lxy))
- BEMABGEHH, MIEBRATHINGE —F&
Vx(Sx — Cx) AVx(Ix — Dx)
- BAREARIR.
VxVyVz(Exy A Eyz — Fxz)
FTEEEENEE.
VxVy(ny o JAz(Fxz A Fzy)) Vx(g(x) = f(f(x)))

- BEWER.
Vx(JyFyx — JyMyx)
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Vo
Every boy loves some girl

|
—

If = is a boy then x loves some girl

T

Bx dy
x 1s a boy x loves some girl
\
A

y is a girl whom x loves

Gy Lxy
y is a girl x loves y

> Every boy loves some girl. Vx(Bx — 3y(Gy A Lxy))
> There is a girl whom every boy loves. 3x(Gx A Yy(By — Lyx))
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—_

No girl who loves a boy is not loved by some boy
\
Jx
Some girl who loves a boy is not loved by some boy
\
A
x is a girl who loves a boy is not loved by some boy

/\

A -
x is a girl who loves a boy x is not loved by some boy
A |
Gz Jy 3z

z is loved by some boy
\
A

z is a boy who loves z

risagirl x loves aboy
\
A

y is a boy who is loved by x /K
By Lay Bz Lzz

y is a boy 2 loves y z is a boy z loves x

—3x(Gx A Ay(By A Lxy) A =3z(Bz A Lzx))

169/ 413
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\\\\\

ESIRIBANRHIZESEIIEL
VxVy(Eyu A Fxy — Exm)
. RRBIRNREHARRER.
Vx(=3yFxy A =3zExz — Lx)

AR Z BB A B E AEBA MR
VxVy(Fxy — (Sx & Sy))
AR ARSFEERIARR.
VxVy(Exy AVz(Exz — Tyz) — Fxy AVz(Fxz — Cyz))
B, 1R, IFER.

Vx(ElyName(x,y) A JzName(z,x) — —Unchanging(x))‘?

170 /413



W XMFENMNF N

hE — Fig BiEE

. If bad things happen to good people, then God is either not
omnipotent or not benevolent.

dx3Iy(Bad(x) A Good(y) A Happen(x,y)) — =Omnip(g) V —Benev(g)
. Every book that Alice lends to Bob she steals from Chris.

Vx(Bx A Lxab — Sxac)

. For every professor, there is a student who likes every book the
professor recommends to the student.

Vx(Px — Ay(Sy AVz(Bz A Rzxy — Lyz)))

. When a mathematical or philosophical author writes with a misty
profundity, he is talking nonsense. — Alfred Whitehead

Vx((Math(x) v Pilo(x)) A Write(x) — TaIkNonsense(x))
. No dolphin sings unless it jumps.

Vx(DoIphin(x) — —Jump(x) — ﬂSing(x))
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¥ — FiR BEE”
1. If all dancers have knee injuries, then they will be frustrated.
Vx(Dancer(x) — Knee(x)) — Vx(Dancer(x) — Frustrated(x))
2. If all dancers have knee injuries, then some of them will be frustrated.
Vx(Dancer(x) — Knee(x)) — EIx(Dancer(x) A Frustrated(x))

3. If a student takes a course and the course covers a concept, then the
student knows that concept.

VxVsz(Student(x) A Course(y) A Take(x, y) A Concept(z) A Cover(y, z) — Know(x, Z))
4. Alice is the first to have completed the test.
Cat AVx(Cxt A x # a — Baxt)

Alice is the oldest daughter of the King.
5. Alice is the second to have completed the test.

Cat/\Hx(Cxt/\x #a A Bxat A\Vy(Cyt ANy#aAy+#x— Bayt))
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Example — REBJLME#?

A 28—

AxGx
ToAIE EBH

-3IxGx
2 e YIS

VxGx

AATHIE EZH—ME
Vx(Gx - Vy(Gy — y = x))
—te BENE— M
Ix(Gx AVY(Gy = y = x))
e BREREE
Ix(Gx ATy(Gy Ax #y) AVZ(Gz > z=xVz=1Y))
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EY VA=

 EBZH 11 ITER
VxVy(x = y)
- EOH 21N TR
xTy(x # y)
. BEXE 2 ' TE.
ITy(x #yAVz(z=xVz=Y))
. BBE{XE n 1M TXR.
3x1...3xn( /\ Xp # X /\Vy(\/y :Xi))
1<i<j<n i=1

- BEME 1 MtRE PR (#BH: 3xPx)
AxPx AVYWVZ(Py APz > y =72)
Ax(Px AVy(Py = y =x))
JxVy(Py & y =x)
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ENN223EH 3718 — Lewis Carroll

“You are sad,” the Knight said in an anxious tone: “let me sing you a
song to comfort you."

> “Is it very long?” Alice asked.

> “lt's long,” said the Knight, “but it's very, very beautiful. Everybody

that hears me sing it — either it brings the tears into their eyes, or else

AxVy((Song(x) <> y = x) A Long(x) A Beautiful(x))

> “Or else what?"” said Alice.

“Or else it doesn't, you know. The name of the song is called
‘Haddocks' Eyes."’

Alx(Song(x) A Vy(Hear(y,x) — Tear(x,y) vV = Tear(x,y)))

callname(name(the-song)) = Haddocks’' Eyes
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v

v

“Oh, that's the name of the song, is it?" said Alice.
name(the-song) = Haddocks’ Eyes

“No, you don't understand,” the Knight said. “That's what the name
is called. The name really is ‘The Aged Aged Man."’

name(the-song) = The Aged Aged Man

“Then | ought to have said ‘That's what the song is called'?" Alice
corrected herself.

callname(the-song) = The Aged Aged Man

“No, you oughtn't: that's quite another thing! The song is called
‘Ways And Means': but that’s only what it's called, you know!"”

callname(the-song) = Ways And Means

“Well, what is the song, then?"” said Alice.
“l was coming to that.” the Knight said. “The song really is ‘A-sitting
On A Gate'"

the-song = A-sitting On A Gate
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Haddocks' Eyes

callname

The Aged Aged Man

A-sitting On A Gate

callname

Ways And Means

the-song
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. No dogs must be brought to this Park except on a lead.
VdVt(Bdt — Ldt)
Objection: this is consistent with 3d3t(Pdt A =Ldt).
. Dogs are not allowed in this Park without leads.
VdVt(Pdt — Ldt)
Objection? The order should be addressed to the owners, not to the
dogs.
. Owners of dogs are not allowed in this Park unless they keep them on
leads.
VpVYdvt(Opd A Ppt — Lpdt)
Objection: doesn’t allow 3r3p3d(Opd A Ppt A =Pdt A —~Lpdt).
. Nobody without his dog on a lead is allowed in this Park.
VpVt(Ppt — 3d(Opd A Lpdt))
Objection: doesn’t allow 3p3t(Ppt A =3d0pd).
. Dogs must be led in this Park.
VdVt(Ldt A Pdt) VdVt(Ldt — Pdt)
. All dogs in this Park must be kept on the lead.
VdVt(Pdt — Ldt)
VdvtYp(Pdt A Opd — Lpdt)
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W XMFENMNF N

hE — Fig BiEE

. He who learns but does not think, is lost. He who thinks but does not
learn is in danger. — Confucius
Vx(Learn(x) A =Think(x) — Lost(x)) A
Vx(Think(x) A =Learn(x) — InDanger(x))

. He who can, does. He who cannot, teaches. — Bernard Shaw
Vxy(Can(x,y) — Do(x, y)) A Vxy(=Can(x, y) — Teach(x, y))
. Don't interrupt me, while I'm interrupting. — Churchill
AxInterrupt(i, x) — VYy=lInterrupt(y,i)
. There are no shortcuts to any place worth going. — Beverly Sills

Vx(Place(x) A WorthGo(x) — —=3yShortcut(y, x))
. The old believe everything; the middle-aged suspect everything; the
young know everything. — Oscar Wilde
Vx(Old(x) — VyBelieve(x,y)) A
Vx(Middle(x) — VySuspect(x, y)) A Vx(Young(x) — YyKnow(x, y))
. No married man is ever attractive except to his wife. — Oscar Wilde
Vx(Man(x) A Married(x) — Vy(Attractive(x, y) — y = wife(x)))
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10.

11.

W XMFENMNF N

hE — Fig BiEE

Behind every great fortune there is a crime. — Balzac
Vx(GreatFortune(x) — Jy(Crime(y) A Behind(y, x)))

. Always two there are: a Master and an Apprentice. — Yoda

Axy(x # y AVz(z =x V z = y) A Master(x) A Apprentice(y))
There are two ways to live your life. One is as though nothing is a
miracle. The other is as though everything is a miracle. — Einstein

Axy(x # y AVz(WayLive(z) @ z=xVz=y) A
(WayLive(x) — —3JzMiracle(z)) A (WayLive(y) — VzMiracle(z)))
The weakest link in a chain is the strongest because it can break it.
— Stanislaw J. Lec
Vxy((Link(x) A Chain(y) A In(x, y) A Weakest(x) — Break(x, y))

— Strongest(x))
A man with only a hammer sees every problem as a nail. Our age's
greatest hammer is the algorithm. — Poundstone
Vx(Man(x) A 3ly(Hammer(y) A With(x, y)) — Vz(Problem(z) —
An(Nail(n) A Seeas(x,z,n)))) A FIx(Hammer(x) A Age(x, we) A
Vy(Hammer(y) A Age(y, we) — Greater(x, y)) A x = algorithm))
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~

10.
11.

12,
13.
14,

Think(i) — 3x(x = i) Descartes

Ax(x =i) V-Tx(x =i) Shakespeare
Vx(Month(x) — Crueler(april, x)) Eliot
Vx(=Weep(x) — —See(x)) Hugo

Vx(Time(x) — Better(z,x)) A Vx(Time(x) — Better(x, 1)) Dickens
3x(Chi|d(x) A =Growup(x) A Vy(Child(y) Ay #x — Growup(y)))
Barrie
VxVy(Fx A Fy — (Hx A Hy — Axy) A (=Hx A =Hy — =Axy)) Tolstoi
Vx(Px — 3y(Ty A Fuxy)) A Ix(Px AYy(Ty — Fuxy)) A =Vx(Px —

Vy(Ty — Fuxy)) Lincoln
. Vx(Problem(x) A Philo(x) A Serious(x) < x = suicide) Camus
Vx (Feather(x) A Perch(x, soul) <> x = hope) Dickinson
Vx(Enter(x) — Vy(Hope(y) — Abandon(x, y))) Dante
AxVy(For(y,x) A For(x,y))? VxVy(For(y,x) & For(x,y))?  Dumas
Vx (Fear(we, x) © x = fear)? Roosevelt

VxVy(Ax A Ay — Exy) A 3x3y(Ax A Ay A [ Exx] > [Eyy]))?  Orwell
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10.
11.
12.
13.
14,

| think, therefore | am. Descartes

To be or not to be. Shakespeare
April is the cruellest month. Eliot
Those who do not weep, do not see. Hugo
It was the best of times, it was the worst of times. Dickens
All Children, except one, grow up. Barrie
All happy families are alike; each unhappy family is unhappy in it's
own way. Tolstoi
You can fool all the people some of the time, and some of the people
all the time, but you can't fool all the people all the time. Lincoln
There is but one truly serious philosophical problem and that is
suicide. Camus
Hope is the thing with feathers that perches in the soul. Dickinson
All hope abandon, all you who enter here. Dante
One for all, all for one. Dumas
The only thing we have to fear is fear itself. Roosevelt

All animals are equal, but some animals are more equal than others.
Orwell
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Ll S

iz — BEES 5 ‘EAES

Love(alice, bob) A 3x(Girl(x) A x # alice A Love(bob, x))
Vx (Buy(alice,x) — Buy(benny, x))
Vx(FyBuy(y,x) v 3zSell(z,x) — =Human(x))

Vx((Petted(x) — Jump(x)) — Dog(x) v Dolphin(x))

Vx(GirI(x) A Love(bob, x) — Vy(PhilosophyBook(y) — Read(x, y)))

> One driver dies in car accident every minute.

» Every minute one driver dies in car accident.

Ex(Driver(x) A Vy(Minite(y) — Die(x,y)))

Vx(Minute(x) — Fy(Driver(y) A Die(y,x)))
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u‘mJ (=R Sh——gb ‘E—‘—”

BE — "ZHEES B 'BRIES
1. Ex(Gx AVy(By A¥z(Gz Az #x — =Lzy) — ny)) — Vx(Bx —

3y(Gy A Lyx))
2. VxVy((Gx AVy(By — =Lxy)) A (Gy A 3x(Bx A Lyx)) — —.ny)
HER, BeEEKI—#x
4B THEHBAE S KA ERIR
3 (zhuang) 1§ (B) H.

No girl who does not —p X &#%
love a boy loves <+ gzﬁ

a girl who
loves a . %f%
boy. - f— %
== BAE
" &
ZREF xra& Y=t i
~?’§==|5'%, T 'FA' AN

Yavy(((Gz A Yue(Br — —|LJ,:-]|} a‘\((:JAEI (Bz A Lyz))) — =Laxy) 183 /413



#MiF — "BRES B "EEES"

Qn
L+e .....
° LY
.
. o0 0 o
[ —— [ B . e ® " 9 L
® o0 ®
\ °
L-¢
°
1 n
123§ 5678 9 1011121314151617 15 19 20 21 22 23 24 25 26 27 25 29 30 31 32 33 34
o ® T
N

Definition (Convergence)
A sequence {a,} converges to a number L € R provided that for any real
number & > 0 there is an N € N for which n > N implies |a, — L| < &].

lim a, =L < Ve > 03N € NVn > N(la, - L| < &)

n—oo

lim a, = 0 &= VL € RIN € N¥n > N(a, > L)

n—oo
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Wiz — ERES B BEES

J y=r(x)
R et e
f(xL)- x, f(x)) lim o)=L -

x—c
L — ¢ (A v v
—1
o X
VAR E AN
c—06 c+6

> Informal definition of a limit: f(x) is arbitrarily close to L provided
that x is sufficiently close to c.

> Precise definition: for any real number & > 0, there is a real number
6 > 0 for which |f(x) — L| < & provided that 0 < |x —¢| < 6.

> Formal defnition:

Ve > 036 > 0Vx(0< |x—c| <6 = |f(x) - L| < &)
> Divergence

lim f(x) T & VLeR3e>0V6 > 0Ix(0 < [x—c| <5 A|f(x) - L| > &)
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BiE — ‘EAES 5 BIEES

Continuity

Vx € Ve > 036 > 0Vy e I(lx —y| <6 = |f(x) - f(y)| < &)

V(xp)new € 1: lim f(xp) = f(lim xp)

Uniform Continuity

Ve > 036 > 0Vx € IVy e I(|lx —y| <6 = |f(x) = f(y)| < &)
Any two distinct points determine a unique line.
VxVy(Point(x) A Point(y) Ax # y — 3lzLine(z) A On(x, z) A On(y,z))
There are infinitely many Prime numbers.

Vx3y(y > x A Prime(y))

There are only finitely many Even Prime numbers.

IxVy(Even(y) A Prime(y) — y < x)
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© 0N OO W

10.
- E— MR ARNSOIESHSE—(EFHER.
12.
13.
14.

75>): FhE — Now it's your turn £

Everyone hears only what he understands.

— Goethe

If you can't solve a problem, then there is an easier problem that you

can't solve.

Men and women are welcome to apply.
Alice can't do every job right.

Alice can't do any job right.

PR T ABEEAALUE.
REDERIRIHEREZA.

bR T S HLERFITERIEEREA.

B BREEELRIN .

N EEE T

BRIARIIBHE L.
BRIARAISZE L.

FrERYBEERT LI 2 iR, BERE—LELIH 4 iR

— Polya
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15.
16.
17.
18.
19.
20.
21.
22.
23.
24.

25,

26.

27.
28.

75>): FhE — Now it's your turn £

ENAMMBRENBERBLEER.

BN A EEHRFIERIIEZEER.

AR, BBARLHENIRIL.
TMERLERAIE BRI R B IR0 A AT
HERIEZFSEXHNHFNALRILZZ.

B TEMIATE A EFERMIAIA.

FrIERZWEMAIB .
EETIEENIA N ARZREEBFIZRTA A
EeNBREERZENTZ.

If a clown enters the room, then it will be displeased if no person is
surprised.

Everyone alive 2000BC is either an ancestor of nobody alive today or
of everyone alive today.

No man loves children unless he has his own.

Alice and Bob have the same maternal grandmother.  Mother(x, y)

Someone other than the girl who loves Bob is stupid.
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AN vs BIfUANS

Definition: {E\ [7/x] FBIR + fAAZIT x RAFEE I

Definition (AJ{TA\)

I+ 342550 x ERT A AN, BENE, B« B2 x £ A PRRE
BRBIE, + FRIZTASH A PREFELER.

Remark: FA15 A[r/x] BIEEEIA ¢ 3F x £ A AN, BRHSES

73 A(1).
Counter-example: A =3y(y#x) t=y A[t/x]? VxAr A1)

7A term ¢ is substitutable for x in

>

>

>

>

any atomic formula A.
—A if it is substitutable for x in A.
A — B if it is substitutable for x in A and B.

VyA if either

1. x ¢ Fv(A) or

2. y ¢ Var(t) and t is substitutable for x in A.
189 /413



Contents

Semantics

Predicate Logic
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EEEREL Alfred Tarski 1901-1983

HAa2 "B
rEEANT 2EY, HENXY E280.

n8 ‘

“l am not true.

REIE

Undefinability of truth Theorem
Arithetical truth can't be defined in arithmetic.

The theory of real closed fields / elementary
geometry is complete and decidable.

Banach-Tarski Paradox

8Tarski: On the Concept of Truth in Formalized Languages. 1933.
Tarski: The Semantic Conception of Truth and the Foundations of Semantics. 1944,
190 /413



A I A e

2554 E=
( > MEENEREZ

> BWEERFE

> WELEF

> BANLREZFM N

> INHEETF

hNaEENK

INRIKIBE/NERIE

HERZE/NEIE

INCRIER—LHBAR

(Z,0,1,4,,<) ETIx# 0Ty 203z #0: x2 +y? = 2°

v

vV vy

(Z,0,1,4,,<) ¢TI 0Ty 03z 0:x3+y3 =23
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251 O

Definition (£5f4)
ZE M= (M, []) BIE=EE M REEROIRET [ 16k, B ] 18
> BITRS ¢ BETATTE ] e M
> n TCRREFTS f BRESIRREL [ f] : M" - M
> n JCIBIERS P BETAXE [P] c M"
Remark: AT &, BIIBELEE M &iEH (M, M, M, PM).
855 &l M

BETS 7 | B
S | R PN e
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Remarks

S # B LS X

[#&] = 3£
&M
LIS, RIT1T, BN R ERRITIEE
[®] = Stop

@ [®] = Caution

|[‘]] = Go
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Example — Z514

)
IIES

Sad

M = {&,7K, K, X 1}
ngﬁ, C;p:ﬂ(, C7A€=7k, C%:X’ C§=i
RM = {(£.70). (K. 7). (K. K). (K. 1), (£, 8)}
RE = {(& ), (K, ), (£, 7K), (K, ), (K, 2)}
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Example — Z514

Sad

M = {8, 7K A&, X L} 1)
Cgl:@, c;}?zﬂ( C7A€:7k, CM=X c j: E‘.
RY = {(&,7K), (K, ), (R, 2K), (K, 1), (£, 8)} ﬂ
RY = {(&. ), (R, 1), (£.7K), (K, K), (K, 2)} S — G
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IJI

DupOfERE: =" BIE "L" O

Definition (ZJCIR{E)
2 M _EREITTIRER—TREL v : Var — M.

TOIR(E v BJLAUS 3t BEIFFBIRLE v : Term — M:

> v(x) = v(x)
> ¥(c) =M

> v(f(, ..., 1) = fME(n), ..., v ()

Term M
f \ M
Term M

Remark: FEARS[RBIEMAIERT, BAWE v B v.
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ATHIERE: HEXR" O
Definition (HEXRFR M, v E A)
> M,vEt =t iff v(t1) = v(t2)
M, vEP(ty,.... t,) iff (v(t1),...,v(ty)) € PM
M,vE-Aiff M,vEA
M,vEAABIff M,veEA and M,vEB
M,vEAVBIff M,veA or M,vEB
MveA—->Bift M\,veEA or M,vEB
MveEABiff M,vEA & M,vEB
M, v EVxA iff for every a e M : M,v(a/x) r A

vV V. vV vV vV VY

£ =
where v(a/x)(y) = a Y x
v(y) otherwise
> M,vE 3JxA iff thereisana e M : M,v(a/x) E A

Remark: v(a/x) FLEXNE v X x BUEEA o, HEARZ

M, v EVxA iff for all v/ .~y v: M,v' E A. where v/ ~, v iff for all y #x : v/ (y) = v(y}96/413



DRI W HEXR 5 H O

> M,vEH =t iff v(ty) = v(t2)

- g a i
\{

EE] HR

D>
1%

> RERR MvEA
Remark: JHEAFEE A BMETHS. REME. BTG RES
M BIRERERE, IEERNCEIREESS M L BEHRET «
FRRERCERIEE v(x), NTIBAT A BhiER— eSS X TEE
M B9aRR, MBS M BIRNR, FETLARIERE A REMKIL.

> M A ZB{E, SHMESZTTHE » #8: M.ve A (H)
Remark: ItLAT, Ffilifd, A E M ERE, 5t M 2 A BUREEL
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Notation
HIN ¢+ FIRT A PRBHBZITTERE {x1,. ... x,} B, NRTTHE
v(x;) = a; for 1 <i < n, BBA°, FATERSIE
v(t) B Mla, ..., a.]

MyveA By, MeAlay,... a,]
Remark: When Fv(A) = {x},

MEVXA & foreveryae M : Mk Ala]

MEIxA & forsomeae M : ME Ala]

IX—ICERIAIEMRE Coincidence Lemma {RiE.
Remark: f&Bf] Substitution Lemma, Mk A[ay, ..., an) HHETF: Bt M BRINME o
RN a;, REEEF a; KANE A(xy, ..., xn) PRIBHZET X, BREINGF
A(ay,...,a,) EEEE M LRER.
Remark: 5%, Kbz, B8, Iz —&F ©
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wigE. ZiEEs. a3l O

> M,vel HERY, SHEZ AT #8 M,vE A,

> T 2olHE, HENY, FE M, v F8 M,vel. (BIi#RE)

> MeT HBENY, SHEZ AcT #8 M A

> Te A HBENRY SHEE M, v: EM,vel W M, ve A(BEES)C

Il E e

> ABBEWE A HBENH, 0 A (BEHR)
WEAENRIE SIFEAE 2B, HEENAE HIEERIE B
B — TEtE

101f we define I' £* A iff for all M: M T = M & A, then we have Px £* VxPx.

> BEES - 2 RRE N, e 2 RET 5 FER B9, FAIIETLL
EX RER: T =k A.

> B4 RRE BT RE BT RER
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E%'ll:l = aF [+

“#%WJG
FUES s 2=
/ R,
N A JIFRR
B e A — AT
\ e X EY
(EEE MR s MR
KR

L E=iSw £l
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o ks W=

Example — f&#Y

brother

person person
king

brother

Brother(r, j)

=King(r) — King(j)

King(j) A 3x(Crown(x) A OnHead(x, j))
Ax(Person(x) A y(Crown(y) A OnHead(y, x)))
—Brother (leftLeg(r), j)

Vx(King(x) — Person(x))
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Example — f&#Y

M = {F, B, 13, it

M = 2zt

BM = (5R1. S}

GM = {RIz, L)

LM = { (B, B9 . (B, 20eR), (22, 2) -}
.M I; Bc

M t) Bc Vv Lee

.M ; Ax-Lxc

(MM B GM M)
2
3
4. M l; Vx(Bx V Lxx)
5
6
7

E2hi
g M lf Vx3dyLxy
- M E 3xVy(y = x V Lxy)
. M E 3x(Bx AVy(Gy — —Lyx))
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o O kW

Example — f&#Y

112

Vx3IyRe(x,y)
VxIyRe(x,y)
Vx3yRe(y,x)
Vx3yRz(y, x)
Vx3y1vaysys | Ree(v, v1) A Reg (71, ¥2) A Reg (52, ¥) A Reg (3, 72) A Reg (v, ) |
Vx3y1y2ysya [Rﬁ(x, Y1) A Rgg(y1,¥2) A Res (2, y3) A Ry (v, ya) A Rﬁ(yzx,x)]
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Example — f&#Y

Transitive Relation

Vxyz(Rxy A Ryz — Rxz)
FETE EAEL? INRAAE, SNREDRIEEECAE.

________________________

-

________________________

SNEREMETLIE?
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Euclidean Relation

ETELAED? MRAAE, RINREDHEEEZ AR

Example — f&#Y

Vxyz(Rxy A Rxz — Ryz)

__________________

\
1
1
1
1
1
1
1
1
1
1

205 /413



Example — f&#Y

IxVyRxy Vy3xRxy
R|1 2 3 4 R|1 2 3 4
1\ v v V 1|\v Vv
2 2 v
3 3 v
4 4

dyVxRxy Vx3yRxy
R|I1 2 3 4 R|1 2 3 4
1 v 1 v
2 v 2 v
3 v 3 v
4 v 4 v
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Example — RI&ES O

& Ar B, WFERIEEM 48 M= A B Mx B|

SRR
Vx3dyLxy » Vx3dyLxy « dyVxLxy y
IxVyLxy dyVxLxy Vy3xLxy

e 6_0 o -0

(Z,<)
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Example — RI&ES O

BEEE
BULEEEER M=
BYREEN
Ax(Ax A Cx)
Ax(Cx A Yx)
Ax(Ax A Yx)

75/
\/
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Remark

> REE—TTIBERIATVEXI N K E]

A

\/
\/

> RAE— T mEEINARNENNEHE

e ———» o

V4
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Example — ZigHY

Everybody loves somebody
Everybody loves all persons who are loved by his loved ones

There is at least a pair of persons who love each other

ES
[RERREEERE
HYRBSNRE
Vx3dyRxy Vx3dyRyx
Vxyz(Rxy A Ryz — Rxz) Vxyz(Rxy A Ryz — Rxz)
Axy(Rxy A Ryx) % IxRxx x

(Z,<)
Remark: FEBSRIEENG?
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Problem (S—RASHTESSEHIHEAAT)

Vx3yRxy A Vxyz(Rxy A Ryz — Rxz) A VYx—Rxx

> RIRBEHECHBESEE M, RpRiR (M| = n.

> B Mk Vx3yRxy, BERY (a1, as,. .., an1) FEXHER
1<i<n+188 RMaiais.

> XH MEVxyz(Rxy ARyz —» Rxz), MER 1<i<j<n+ 188
RMa,-aj.

> BA M| =n FRUUFE1<i<j<n+1{#E a = aj, XERE

RMa;a;. 1IX5 M e Vx-Rxx FfE.
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Examples — #&8! & Ri&E!

NcZcQcRcC
L Vx3y:x+y=0

(N,0,1,+,,<)EVxdy :x+y =0
(Z2,0,1,+,,<)EVxdy :x+y=0
2.Vx#03y:x-y=1
(Z2,0,1,+,,<)eVx#03y:x-y=1
(Q,0,1,+4,,<)EVx#03y:x-y=1
3.Vx>03dy:x=y-y
(Q,0,1,+,-,<) £Vx > 03y : x = y?
(R,0,1,+,,<) EVx > 03y : x = y*
4. Vxdy :x=y-y
(R,0,1,+,-,<) k£ Vx3Iy :)c:y2
(C,0,1,+,-,<) EVxIy : x = y°

HFNARRETERNES. — BE/Ron as



ZEINLEFIE — Lewis Carroll

> ZR%: BMREABHEAL.

> EWiZ: BRMEREN — XE—EE.

> KIBE: A2—EIE, BBFRNEIRETLAR — “FLE2TIZAYRIETEREE
EN M CNEREEE NIRRT 2[5

> =ZB%R: BREANERATLAR — " LERAEIARAREER" M "N
ERENRRERERE 2—RE.
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SIBAY IR O

Vx(Bx — Sx)
Jx(Bx A Sx)

> Vx(Bx A Sx) = VxBx AVxSx
PYEBER, FB. BHYIEEEEA.

» Jx(Bx — Sx) = dx—-Bx V IxSx
REBAEBZIERA, XTEHMAE.

TEHXIEARG?

All the elephants in this room are purple.
Vx(Elephant(x) A In(x, room) — Purple(x))

Vx(Elephant(x) A In(x, room) A Purple(x))
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Coincidence Lemma &b

> TR{E vi,vo : Var > M 72T ¢t £—3 1879 v1 = v2 (mod 1), HBX
A, SHEE x € Var(1): vi(x) = va(x).

> WM& vi,vo: Var > M EATK A E—3 I v1 = v2 (mod A), &
BfRE, SHER x € Fv(A): vi(x) = va(x).

Lemma (Coincidence Lemma)

> |fvy = vy (mod t), then
vi(1) = va()
> Ifvy =vy (mod A), then

MvieA & M,»nEA

Remark:
> |If A is a closed formula, then either M = A or M E —A.
> MEA — MEVxA
> M, v E VxA iff for all v/ = v (mod VxA) : M,v' E A.
> M, vk 3xA iff for some v = v (mod 3xA) : M,V £ A. 215413



Substitution Lemma &b

Lemma (Substitution Lemma)

> v(s[t/x]) = v(v(0)/x)(s)

> [f the term t is substitutable for the variable x in the formula A, then

M,vEA[t/x] & M,v(v(t)/x)E A

[t/x]

> s[t/x]
mm& /
Remark:

Py =L U{c,:aeM} and CQAM =a and My = (M,a)aem
M, vE Alcg/x] &= M,v(a/x) s A
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How to Check Validity? — Example &b

[vxA — A[t/x]]

MvEeEVXxA = forallae M : M,v(a/x) A = M,v(v(t)/x) E A
According to Substitution Lemma, M, v k A[t/x].

‘Vx(B — A) > (AxB — A) where x ¢ Fv(A) ‘

Assume M, v E 3xB and M, v £ A. Then there exists a € M s.t.
M,v(a/x) £ B. According to Coincidence Lemma and x ¢ Fv(A), we have
M,v(a/x) £ A. Therefore M,v(a/x) 2 B — A. This contradicts

M, v EVx(B — A).

‘ (3xB > A) > Vx(B — A) where x ¢ Fv(A) ‘

M,veEdxB—>A — M,ve3IxBor M,vEA.

If M,v ¥ 3xB, then for all a € M, M,v(a/x) ¢ B. It follows that
M,v(a/x) E B— A. Therefore M,v EVx(B — A).

If M,v e A, then according to Coincidence Lemma and x ¢ Fv(A), for all
aeM, M,v(a/x) E A. It follows that M,v(a/x) E B — A.

Therefore M, v EVx(B — A).
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253). 1RE & [ZREY — Now it's your turn #

L AT InVyRxy EILE EAEE? INRAANE, iFINREDRISIELEE
ZHE.

O —— 06 — o

2. BT, EEAELE AR, BB EAR.

SRS

3. ERIEE, EATVE—IRE EAE, B—I1EE AR
3.1 Vxy(Rxy — Ryy)
3.2 Vx3yRxy
3.3 Vxyz(Rxy A Rxz — Ryz V Rzy)
3.4 Vx(dyRyx — VzRzx)
3.5 Vxyz(Rxy A Rxz — Jw(Ryw A Rzw))
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253). 1RE & [ZREY — Now it's your turn #
- B—1R, FHELE EAE AR EAE.

[ [ ] o «— o

N

o «—» 0o [ ] [ ]

5, FHELEEAE GELEHRE.
NSNS
/N l

B w, EHELE EAE, AR EAR

o «—> o o «—» o

X1 N/

o «—> o
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BE—T &b

()
ok BT
Bi& 2 = {L}.

1. “Z7f" afENXIE? x = T — MEVy(y #x — Lyx)
2. {#f,8E} rTENIg?
x e {3, 8} & M -3y(y #x A Lyx)

3. "IN BJRENG? R — FAIRKY — FalEX
OO
WEN M BHAER? AEY = AKX = X
1. REREEIEFAMNBERE?
2. BEREEFNMIEERIXS? ME Ala]l & M e A[b] (R20, <)
3. BEBMMMAEITEN? x =a == MEA(x) (R,0,1,+, -, <)
> BERER—NMIF, FHE—IMEEEAE. B—1NEEEAR?
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BE—T &b

Problem

> —PER=ER, SRS, BREER I TETRZEEDE—
Ak
> —URELY, B3BNE, EUUIBEESHNEEERIE P

> [ BARATEREA el M HFw

Complete(G) &< GEA
Social(x) & Gk A(x)

> ERR: HIB5. BRTEEEE— ML
ToSENR ? (N,

v
v

w—>n+l—>n—+>n-1— ...

221/413



e ”
\__/

> HARE? — BIEs c HIEESETEK r HRRES.
{x: MEed(x,¢c)=r}
> HAR¥ERN 1 NE? — BEFHAREE? 2,01, 6% norm?

drxy) = [Sln-yl dixy) =Y -yl do(ry) = maxls-y]

> HFAREEER »? £ "HAFHF" (R, 4), 7 =

“We are often interested not just in whether or not something is
true, but in where it is true.” — John Baezy» a3

B _ 8 _
Bz -2 -4



Unit ball of p-norm in 2D

0.5 | / N \'\. _______ p = 1

0.0 & g

= P ip
10 -05 00 05 10 " \/leT

HERAMRECEAVESRAIE SR, EELCEAIEBESRAVESE.
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vvyyy

Fs SEHE_EAIE

Fy =Z/2Z = ({0,1},0,1,+,")
T 10 1 10 1 0,1) — (1,1
0[0 1 0[0 0
1|10 1[0 1 ‘ >< ‘
F2 SEERRBIYNA: (0,0), (0,1), (1,0), (1,1)

IF% FEBEZVEEL? ax+by+c=0 (a,b,c €Fy), a,b RAEN 0
F; FEBZDNE? (x-a)’+(y-b)* =1 (a,b,r €F)

EA Vx € Fy : x2 = x, FFLA

x-a)’+(y-b)?=r) = x—a+y-b=r
Blx+y=08x+y=1.

Altt, BEXE 2 MNE, #REEL!

fBl: x+y=0 = (x-02+(r-02%=0 = (x-1)?+(y-1)2%=
0 = x-02+(-1)2=1 = x-1)2+(-02%=1

ZEEIMIFAN S (0,1), (1,0) BERL, HAHER 1.
EFitt, F2 FEA 2 NE, 81MEEE 4 NED, 2 MER 120013



(Z,0,+) (Q"1,x) (Z,9) (P(X),0) (X,P(X)) }{0 . X})

(Poset> Topology >
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E%'ll:l = aF [+

“#%WJG
FUES s 2=
/ R,
N A JIFRR
B e A — AT
\ e X EY
(EEE MR s MR
KR

L E=iSw £l
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Contents

Formal System

Predicate Logic
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Formal Systems

s N

It p(x)A q(X,Y)
then r(Y)

_conceptual model | iuxavy) %
) 7| thens(X,Y) :

If r(Y)a s(X,Y) ACME
then t(X,Y) Inference Engine

)

Expertise Implemented System

Tree Method
Natural Deduction
Sequent Calculus
Hilbert System
Resolution

vV v v v VvY
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AR RUZBHINT 7% ©

——A A— B ~(A — B)

/ A

A ﬂA B _|B

A/\B _|(A/\B) AVB —|(AVB)
B -A -B A B -B
A< B (A & B)
A -A A -A
B -B -B B
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IBRZENRTE LA O
VxA dxA

Alt/x] A(a)

where a is a new constant which does
not appear on the same branch as JxA.

-VxA V/ —-3dxA V/
dx-A Vx-A

. s=t1

: Als/x]
t=t Alt/x]

229 /413



42 “IER"? O

Definition (1ERA)

A1,..., A, + B ZERE, FE—EN {A1, ..., A, -B} FHRRYAN.

/RIS

1. DERTS: BREEAE—RT BB, (5cE—Hs.
2. BEHRRIR R R .

3. BERITIEEEEE HIA, icAtBEEERR.
4. FEERFMERERERHIE, 7t IEFESR.

230/ 413



ot & M O
Theorem (RISEMETETR)
WNRFE—RN T FRANEH, BBA T AaHE.

Theorem (SE&MEIR)
R T AAHE, BBATFE—IREM T FHERIAMR.

Aq,..., A, +B F captures k
A1, ..., A, EB No more, no less

A5 F = F A% ArEIEBBHRANCIEERE R
o F =+ A EBANCIEERRETSIERR K

output
——>

input

?
EA ——| -Vachine-

Y/N

Remark: YIR—NMNEIRZEANCIEAZERY, BEREEZ TS, 3

4, B TREIM D EHEE.
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Example

ARE (I(P() v P(£(x)). ~2xP(x) | FATHE

Fx(P(x) v P(f(x)) v
—E]XP()C) v

\
Vx—Px

P(a) vV P(f(a)) v

PN

P(a) P(f(a))
| |
—P(a) =P(f(a))
X X
x(P(x) v P(f(x)))

dxPx

232/413



Example: B— 1A, INRMEENE, ABARTE ABBEXE

[+ 3x(A > VxA) |

-3x(A — VxA)

—~(Aa — VxA) v
|
Aa
-VxA v
|

-Ab

-(Ab — VxA) vV
Ab
-VxA

X
Remark: ¥ 3xA — VxA
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M BRI B ARE

> EBIEZEE, Z— MO, BELABEAAEIRNEEE
o5

> {B/R, JLABED “IEF0FE" {OiERARE.

> YEFIFFE (Saturated open branch): —{NRZZIEFIRY, HENE,
BNMEFA (FRREFARHEREFAXNEE) BEDHFiT—
R, HE, 81 v-AEEL Bz LIRS ARSI IUH T 738
L.

> B B BNCIESETR.

» Remark: (BE—RRESKIER P48, B8, REE— 7T
BREFI— BT LAEIEH TS ZRIM o, f (o), f(f(c)) ...
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A R

Vx(A V B)
-(VxA VVxB) vV
| Vx(A V B) ;
—VxA vV VXA VVxB °
~VxB v/
) S M= (M, AM, BM)
-Aa
ﬂBb M = {d,b}
| AM = (b}
AaV B
// (\ BM = {a}
a B Ul

‘ M EVx(AV B)
Ab V Bb 8

/ \Bb M ¥ VXAV VxB
Ab

235 /413



ME A

3x(A A B)
Ax(BAC)

?
Ax(AAC)

Ax(AAB) VvV
Ax(BAC) V
-3Ax(AAC)
Aa
Ba
\

Bb

L Do

< M= (M, AM BM, cM)

M = {a,b}
AM = {a}
BM = {a, b}
cM = (b}
T
M e 3x(A A B)
ME3Ix(BAC)

MEIx(AAC)
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ME A

dx(A — B)
Ix(B — A)

Jdx(A < B)

3x(A — B) vV
Ax(B— A) vV
~3x(A & B)

Aa — Ba
Bb — Ab

e AN
Aa -Aa

-Ba Ba

/ N\ / N\
-Aa Ba Ab -Ab

-Bb Bb

s
X

PAN
~

oy

M = (M, AM, BM)

M = {a,b}
AM = (b}
BM = {a}

ME 3x(A — B)

ME Ix(B — A)

M 3x(A < B)
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yVxLxy ,
VydxLxy °

AyVxlxy v

=VydxLxy v
|

dy-IxLxy vV

—-3dxLxa

VxLxb
|
Lab
Lbb

|
-Laa

-Lba

ME R RE

0

a—— b
S M= (M, LM)
M = {a,b}
LM ={(a,b), (b,b)}

M e JyVxLxy

M ENy3xLxy

238413



©No s w

Examples

Everybody loves everybody
Everybody is loved by everybody
Somebody loves everybody
Somebody is loved by everybody
Everybody is loved by somebody
Everybody loves somebody
Somebody loves somebody
Somebody is loved by somebody
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43 BREFIE ¢/

VxA Alt/x]
Alt/x] dxA
WANB) Ay ves
VXA AVxB  Vx(AV B)
Vx(A— B) Vx(A — B)
VxA — VxB 3JxA — JxB
VxVyAxy Jx3yAxy
VyVxAxy JyIxAxy

VxA — AxB dxA — VxB

(A —>B) Vx(A— B

-VYxA —dxA
dx-A Vx-A
SHAVE)  3x(anB)
dxA v 3xB dxA A JxB

Vx(A < B)

VXA < VxB

3evyAsy
Vy3xAxy

(A — VxA)
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43 BREFIE ¢/

x¢Fv(A):

A A

xA dxA

<

Vx(Av B) 3x(AVB)
AV VxB AV dxB

Vx(AAB) 3x(AAB)
A ANVxB A A 3xB

Vx(A — B) 3x(A —> B)
A — VxB A — JxB

B A ViB— A  Fx(A—B) (B A)
Vx(B— A) 3x(B— A) 3x(A & B)
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Exercise

VxB — A

m x ¢ Fv(A)

diam(X) = Sup{|x—y| IX,y € X}

(Vx € X |x| < 1) - diam(X) < 2

Ire X (|x| <1 — diam(X) < 2)? '

L ERRAEEFN?
2. BEANRARERAL?

Vx(Cx — Bx) > A vs Jx(Cx A (Bx — A))
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BRUEFIE O

t=t S=t—>t=s r=s—o>s=t—->r=t

S1=11,...,5, =1 S1=18,...,8, =1y
f(sl,...,sn) Zf(ll,...,l‘n) P(Sl,...,Sn) <—>P(l1,...,l‘n)

s=1 s =t
rls/x] = r[t/x] Als/x] & Alt/x]
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BRUEFIE O

x & Var(z) :

Alt/x] Alt/x]
Ax(x =1) Ax(x =t AA) Vx(x =t — A)

y ¢ Var(A) :

Vx(A « Jy(y =x A Aly/x])) Vx(A & Vy(y =x — Aly/x]))
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MNEMEIERE vs FZ(EMIERT

'+ A[t/x] ILVx—=AF L
' 3xA I'3dxA

Example (There exist two irrational numbers x, y s.t. x” is rational.)

{x = V2 {x = \/5\/5

y=v2 y=V2
> R(x): x is rational IZAEHEE.
> a=12 —R(a) R(f(f(a,a),a))
> f(x,y) =x Ixy(—~R(x) A =R(y) AR(f(x,y)))
x =2
y :=1logy 9
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FEIEIERR

Example (EEZEE(ARIHEE _EERAIPIRETS ST LUBS e i is)

R SN
NS o N\ To» @
) SRNNRRSZ 2
LS 27727 NN
ZSRNNALS
NN

”:‘\Q\Q\ 7757
"":12;‘3:\‘\ 27 f LL7RR
SES

Example (e + 7 ] en HE/DE—NEEHE])

2 —(e+mx+en=0
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FAEMEIERR

SIHRNER

ETHERFINILRNEE. IRERE—MEF, FlziEEF RN
FALSRIRTEINRA.

[ EI

Theorem

a1 BOMRER.

Proof.

IR 1 FHARTLUGRGA EARTST. RUIR 2 BURRE, BBATTR
1 —FHRE A LUEEER 2 RISHE. O
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Application of Logic in Game Theory

Theorem (Zermelo's Theorem 1913)
EFARY. TEERR. IRBTFEN. B5EET, BE—HEUHRE.
Proof.

A Vyy ... 3x,Vy, A V VX 3y .. VX, dy,—A

where A states that a final position is reached where player 1 wins. O

Remark: BN LB NEE, RFEBEL, FEE T IBIicEiiiE®R.
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EHEY
» JEEIBEN (Poincaré, Russell)
21 IR T SRR ET BT
AU REENX.
> M RO RIS
(Kronecker, Brouwer, Heyting, Kolmogorov, Weyl)
> BT vs SLFIS
> EFEMEN () EiE" — Brouwer
> JEMIEMEIERR x
> RIEE x
> WEBEHER x
> HepfE x
> RN <
(There exist two irrational numbers x and y s.t. x¥ is
rational.)

V2 log, 9
“ FERNE T EE, ERAVERAERY” — Kronecker

> HIEFENEF (Bishop, Martin-Lof)


https://doi.org/10.1090/bull/1556

5> PAZUEBA — Now it's your turn #

xVy(P(y) =y =x) VxP(f(x))
Ax(f(x) =x)

Ax(Px AVy(Py — y =x) A Qx)
AxVy((Py & y =x) A Ox)

x(Px AVy(Py = y=x)) 3x(Qx AVy(Qy = y=x)) =3x(PxAQx)

Fxy(x £y A (PxVOx)A(PyVQy) AVz(PzVQz > z=xVz=Y))

#5443 .,fel.2tanf=A=.aUBe2
Dem.

F.x54:26. 0k .a=/xB=0"y. DraqUBE2. = x#y.

[+51-231] =/xndy=A.
[+13-12] =.anB=A (1)
FL(1).11-11-35.>

F.@Eny).a=/xB=(y. 2aUBe2 =.anB=A ()

F.(2).11-54. %52 1. 5 .Prop

From this proposition it will follow, when arithmetical addition has been defined, that 1 +1 = 2.

FxP AT 1xQ A-=Tx(PAQ) — Tox(PV Q)
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MR SRR AN 107

> ISR “BRRERTAEARE"
> HRR BREEERE BB AEREE D IRAYEEN,
{BXFHMNERHREORIRE?
> NR: BEIE. (i) XF/MEPHFRIFIRERRMRA. (i) ERFRE
LFEFINT, FRLARBERIGAITRAN. (i) AL EZEENEERAS,
N IEIHERENCUEAR R ST ERBUE, FrLARA TG A E3A93K R0
ERFFIAR.
> FRE BERRRFARGSH, BRI AER. RAE
REEMBERXTINBHRIRE RIS, XENREARDRETAK
BR—EBD. "AABALE”
EE B RN EFIRT.
> JUA — =S{ERVSEREE
> B — BIERVSEREE
= JUTREREY. (RS0, EiER)
FHEE BAREDTTH.
F1+1=2
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> RESIEATAIRZIRRTU VTR BER B B A B B M A TE
HEH, Alt, RERIE T —EEARILS.
> BREERIBR SRS EFIET RANTRATE— M EMREREE (I
BIZE=e) T+ 7.
> FRESIAERGMM HRAXE PIREE, (BREE SRR THY
"R R ESRE.
> A, AFEEE, AERFIUBE. XWREEFEN G —E.
HBertrand Russell: “Mathematics and the Metaphysicians”. Reprinted in Mysticism
and Logic, and Other Essays.
Remark: TRIIE—AH (IB/LAFAIENM) RHINSREIUTN, I£HURS=ED
?;ﬁjﬁ'ﬂ%ﬁgﬂ?ﬁ%%%ﬁzﬁ 0 R9ZS[E], ERWEREETEITE, | IEXNSIAaIEE 7Y
FRERESHER.
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S
szrrr |
—E _ftrv mg)

> BEANEESWHIET, RItt2L8. 8
i:LEEETEIJIZEH BEATEEZEN ’ I8, )
1

> BAREBZARZE RN AT EXI R
SHNBIEINT. THERNEHE.

. wfim,, ay)
> WIREFRUESS EBRIEENG ASIEERY - T[—[;m,

— Tfm,r}
=

B, B TIESAIRIATSTUTIERAY
BMSXERRSR, EREMAHEESHIE
EPEHSK, BBA, BRI (BIS=F) 15

fl_'n’i,rz]

- ,_fLm,

B ABEERFFHNEHEIE. Lr Lt m)

> —Aﬁ?‘ﬁﬁ*ﬁlq-g’n?:&‘%#/\*é%% — L m 0
TP SR D RN e —Zfon, 0
-—,—Kf{b,:m-a}

B
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v =10
o | BEFE | x
Z£5 | x | Y8

Table: EEfEZHI

DT

V=LA
A

DT

V=LA
A

e B

ZE | x
B8R

JUfa

Table: EBfE

5 =L
ZiE
=W/N X
oty R |
X AR AR]

Table: IBHELUFFE N

o

4=
2y ]

£ B8
ot | % X
2 |
sa | x| B8R
JUE

Table: BIA, 45

Fei [E%
X
B
8K | AV
AR

Table: Martin-Lof
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MFEF: BEEN/EREN/FREN

p— =
g

FORMALISM

BEEY | EREN | HREX

Ky 218 s

B | _B5 | mepy
IHRITE

STES | MESIE | WSl
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https://www.maa.org/programs/maa-awards/writing-awards/the-three-crises-in-mathematics-logicism-intuitionism-and-formalism

AIEE?

MEEIE: HHRIEEN:
HSRFYAFE S EYITEIE
RIRIERIE: BRI X
RIEEAREYBATE HERREYhEE

- B3I BE MIAAGE
ANEE

T

TFE

2 f51E

SR EHEYIEAE, FRSHEAErE.”

vvyyy

— fHAE (BER)
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5 /K{B%F David Hilbert 1862-1943

> JUEIRIFZEL R
JUVEERS FEARR—EE
(5e3RER: AERR UAAIHERS FBRZU LAIAT—EUE)
(natural/integer/rational /real /complex)

> Z/RIA%F 23/24 [BIRR (15,279, 10th, 24th, 6th)

> T — EE

> e Yia=i0 3

> AEEABESHREEN.

> BIT=2ALA "SF. BF. BB A% A % B A
BRI

> H R RIE L AN FREE ToRE SR SRR EUHTAONRE, 2
SRR

> BATMPOIBE T KENEG: BEE—NIH, FRHTHESR
IRETLABS SRS — SRR

> BB, AR
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12

1. eSS LB (EEFEEN): izl — FRAERES B, O
£ — NI (1) BB L, (2) XFUCHAMN B85 HEFF, (3) X
FIRBHRF 35" 8F T. FEEFEaETLE T $FRI1X.

2. JRNTME: AERANIRZ RIS

3. TR (1) BB EGRE AT LATE L #iIEEE; (2) FRBEM
S EESRILATE T iEE. — S 5SRRIS—.

4. —5qtE: B “B5EEF T AR 55T PiERAHFE.
5. fRTFME (VA e [T A = F,Cony r A] —HMESRTM): (FAXTF SC
EXSR BIFRIA, SNSREJLATE T HhilkBR, BRAtEE]LATE F hilEeR.

6. ATHIEM (BEITMH): B iEG ARG NS AV EE AR LA
HUtbFIE.

7. AR IFRRRESIFRRRIE A ISR

8. SEBEM? ERMINEN L, T ZIE 7 HE— &M,

PEEIEARHFRIFEIBIRECC T HSCH RAUANR, FE TR R EIE
:Iﬁz_
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N =ESFI

“HIEAEFAEERIZEN AR, BIMBRMSIAIRE, B
RS RRARINE, MEET—1 iarviAiRie
T, XL AR EERIRINEE R i, 8P HFRER
W ERET R, L5eREF IR, EEAIUERRRIE S
IR, B SEEPT IS NERNRREE, LIR—1E
FRRRLEEREBRA A FIERIEE.

— HRIB%

BChaitin: “SRIEERERNTENZERR. L. BEEN, BEFRBRHE 20
CARHAN— M EREIERER
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Example — RRIFEEAEIE ©
1. FE—
0eN

2. B MHNEBRE M

VneN:s(n) eN
3. BARHIHNE

VneN:s(n)#0
4. FRRERRE

Vmn e N:s(m)=s(n) >m=n
5. ANERIE X, BEENEEHE X BIXLEENE, BBARMBRIEEE X
VX[OEX/\Vn(neX—>s(n) €X) —>Vn€N(n€X)]
+,- AJLUBIFEN:

» VneN:n+0=n
> Vmn e N:m+ s(n) =s(m+n)
» VneN:n-0=0
» VmneN:m-s(n)=m-n+m 260 /413



MEEMBRBIFRRIBREIEHE/R — ZBIRIAES .

BRI E S A MR B,
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E2ZGN

Problem (EJfE/REHANAN?)
» —NBLEF BF. IDANTREAN BFRIREE DA RiR
BRiE.
BLEBEAEBMIE, BARE.
BEMDIEEEE T
{RRB BRI T —E=F SHERLEE.
EHERR: BRBEEMmiIE”

vV v.v Yy
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Hydra JUSk8ERsX, — “BPARY" A ENiEaseR

> B—S{REE— 1k
> 155 n 2, MRE— M HREBAILHEE, NN TST
MK n DEIAR

Goodstein Theorem ANE{REARERERTE “F1kdE”
Kirby-Paris Theorem {BARFSAEIZ PA IFBBIX—/
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http://www.madore.org/~david/math/hydra.xhtml

Figure: HZEVEEX/ EIEF X / Eﬁ"‘:EES{/ ) EEZEE)‘{/ YIIEE X

Is there more than one mathematical universe?14

14Pene\ope Maddy: What Do We Want a Foundation to Do?
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https://link.springer.com/chapter/10.1007/978-3-030-15655-8_13

BRUCIE?

Whatever begins to exist, has a cause of its existence Vx(Bx — JyCyx)
The universe began to exist Bu
The universe has a cause of its existence JyCyu

L. IR EHFE, BRAAEEHEE LR FERNARSERIRRE.

2. AR EFAGFE, BARBASBENE.

3. MR—ABE LFFEXINEHETEE R, BsAEEHtEE
LEHEE

4. IEER-RN BT IRE KB fBE LHEE.

5. B, IHErRASEEIIE.

Eg — V¥x(=Bx — —8x)
-Eg — —3xSx
Vx(Wx — —=Bx)

Wp
-Sp
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BRIEIE?

BN EERVRIEEEK T T8 EaEH KAIFBETRIRA
ERERVRTERE R KATE AR
FEFBERIIRTS
FEERFEANTRIAGHEX 7RI

M EEERRIARA

Vx(Bx — Vy(Ey A Cxy — Dxy))
Vx(Ox — VyCxy)
dxEx
—3x3IyDyx
—3x(Bx A Ox)

266 /413



BRUCIE?

L RIS ERATF BBA, IRUF LAYEEEEME—RIINE FF
BB TESHREN

2. RUNAREINRR, BPA, IR LAYEEEEMAAR RN, FF
BB TR ERIZRL.

3. RUNELEER—FRIIEERIRE, BB T TR LIS, B4,
BB RAF AR

Vx(Px — Fx A Sx)
Vx(Wx — =Fx A =8x)

Vx(Fx A =Sx — =Px A =Wx)
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BRUCIE?

> BN EE, FHAETEC, BT BB LTR ET
> BE LSrEEECH, (FEEABRERT, FLURTARH."

1. For all y there exists z such that z owns y.
2. For all x,y,z if z owns y and y owns x then z owns x.

3. For all x,y,z if y owns x and z owns x then y = z.

Vy3zOzy
Vxyz(Ozy A Oyx — Ozx)
Vxyz(Oyx ANOzx — y = 7)

Vy(=0yy — —=3x0yx)
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BRUCIE?

It is a crime for an American to sell weapons to hostile nations. The
country Nono, an enemy of America, has some missiles, and all of its
missiles were sold to it by Colonel West, who is American. Theorefore,
Colonel West is a criminal.

1.

© N o Ok wN

Vxyz(American(x) A Weapon(y) A Hostile(z) A Sell(x, y,z) —
Criminal(x))

Jx(Own(nono, x) A Missile(x))

Vx(Missile(x) A Own(nono, x) — Sell(west, x, nono))
Vx(Missile(x) — Weapon(x))

Vx(Enemy(x, america) — Hostile(x))
American(west)

Enemy(nono, america)

Criminal(west)
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—_
= o v o N

B3 BREHAITE — Now it's your turn £

. E‘igﬁ%ﬁzEﬂﬁ'ﬂ. REERREERIENN. Eitt, BiE2IEE
. B EFEEMABEEEZEERE Anne. FREEAZRBHFEZFEM
XEFE. B, PRAFRIFEEE Anne.

- IEDFRIE R XA S RNIESEE A, EEmEEEAE D ITRY
NAFUESEEN ARNIES. FrLA, HFamdE Y.

- WNERE, R4, RILEE IR0k,

. Hggﬁii%%%ﬁﬁﬁ. HREEMERESER. il TELE
=R

INSEENR, NBEEN, INXEIE INEKRE. B, BB
ALTEEREINRBAL

AABEBNL. INFRERZINEEIAE. B, AANZBEE.
REANEANEEZ. DERERIT. AL REFK!
REERITSEHBEREIBLEARALEBCEANAELR. Russell
WMRKAELNEFER, BBA, REGRANEHNEHESHRIIIIA.
MRAREZBED, B AEmENRC. NEROHE/ Y. R
BINFIEZEIEERS. AL, AINm 7 /8830,
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12,

13.

14.
15.

16.

17.

18.

RBUZREONAN. NN RE LA ERIARLZ. /N

BZE/NZ. FrA, B

MRFIENREIEENEE, IPAIRE BIEFEEMEE, NRFIBRNRIEEL

TBE, BB RSB RFEEE. ALt INREHEIEETFER

BN Reisiin e, BARAENEESE. SNRERNEE.

B ABEHERBEBELTES ARMBEEERRA.  Quine

EENUERIIEER. BWEEFRIMEEFR. iREEFRR

ZE BERNERATSBLZME. BEEIAZEBAN.

Itt, BZ#ZBHBAN.

?Egﬁﬁﬁ%kﬁ%? RFEBERL. B, FEERISHEL,
AR,

RENIFUNAMRE/NE. INFVNERZE—MA. TTIeHERE/N

KEPSE L, BREMEMIIATEZ(. B, BEXER DA

=23

If anyone speaks to anyone, then someone introduces them; no one

introduces anyone to anyone unless he knows them both; everyone

speaks to Alice; therefore everyone is introduced to Alice by someone

who knows her.
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Application — 35

[ e T
B o BN
=l2f1(1(1 =1
2[3 4111
1 =[2]2]1]1
1111 =1
2(2]2[1]1
1] 1 =f2]2 4
w1 [1[1]3 (3
1[1 2 42

> There are exactly n mines in the game.

> If a cell contains the number 1, then there is exactly one mine in the
adjacent cells.

Vx(Contain(x,1) —
Jy(Adjacent(x, y) A Mine(y) A Yz(Adjacent(x, z) A Mine(z) — z = y)))
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http://web.mat.bham.ac.uk/R.W.Kaye/minesw/

Application — “BF" 5 “HitH"

Problem (“BFS" AR “IAS"? ‘IR’ FR THE"? )
(FERRHE SRR BIEXY, FTREERET BFR"5E MAE"
BFS” EHARREE, M ERARIRERE.

5 1 80 1EER: ‘B EEFEAIERE

3 2. BNEEER: B AR

5 3 BNLEE: WRIEHME, FPAFRE S AEHE

5 4 BOMLEEEGR: MREBAHE, BRATHBiNEA "

5 5 BNLEEN: ‘SAEBAHE, BIERAHERE

Vx(Tx < JySy A =Sx) VxTx Vv Vx—Tx
5 5: Vx=Tx A (VxSx V Vx—8x)

. T None
F None
. T All or None

. T All or None
F All or None

o~ wnN
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NE N s N

©CoONO O AW

Application — “ANBELE"?

AN—EBAZH g BT

MRRAB—ERERE, 2L KA L.
JKIEAESEIMAYABEMIR B RN

MRFHEERNXA, BIAHBSSHNNRIAELHEEEENH.
AR EF SIEFRIREE R XA
BRFHARAR I HFJEE.

FHEEHFR.

Vxy(Man(x) A Life(y,x) — 3z(Possible(z, x, y) A =Realize(z)))
Vxy(Man(x) A Life(y,x) A =3y’ (Life(y’,x) Ay #y) —
Vz(Possible(z, x, y) A =Realize(z) — UnRealizable(z)))
Vx(UnRealizable(x) — —=Meaning(x))

Meaning(u) — Vxyz(Contain(u,x) A Possible(z,x,y) — Meaning(z))
Vx(Learnable(x) — Meaning(x))

Vx(Ordered(x) — Learnable(x))

Ordered(u)

Vx(Man(x) — Contain(u, x))

Vxy(Man(x) A Life(y,x) — 3y’ (Life(y’,x) Ay’ # y))
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EAR— 5 FRI— 7 FrEUEEFT 1 FHRI7K?

> S(x,y): x ¥l y DRIRE—MIEZMEFRIKE.
Initial State §(0,0)
Goal State Jx[S(1,x) V S(x,1)]

—3tE 8 METRERIEHIE:

Ar Yxy[S(x,y) — S(5,)] [Fill 1]
As. Vxy[S(x,y) = S(0,y)] [Empty 1]
As. Yxy[S(x,y) — S(x,7)] [Fill 2]
Ay, Vxy [S(x, y) — S(x, 0)] [Empty 2]
As. ny[S(x,y)/\x+yS7—>S(0,y+x)] [Empty 1 into 2]
Ag. ny[S(x, VAxX+y>T—> Skx—-(7- y),7)] [Pour 1 into 2]
Az ny[S(x,y)/\x+yS5—>S(x+y,0)] [Empty 2 into 1]
Asg. xy[S(x, YAx+y>5—805,y-(5 —x))] [Pour 2 into 1]

Initial State, A4, ..., Ag + Goal State
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DER "ERFER"

1. The substitution of identicals.
“The morning star is the evening star.”

2. The law of the excluded middle.
“The present King of France is bald." or
“The present King of France is not bald.”

3. The problem of negative existentials.
“The flying horse does not exist.”
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B(1,A) == 3x(Ax AVy(Ay — y = x) A Bx)

Oedipus did not know the woman he married was his mother.
=K(txA = m(0))?
tyA =m(0) = K(m(o) = m(0)) = K(ixA = m(0))?
Ax(Ax AVy(Ay — y = x) A =K(x = m(0)))
-K [EIx(Ax AVY(Ay > y=x)Ax= m(o))]
The present King of France is bald. B(ixK) V (=B)(txK) 7
EIx(Kx AVY(Ky > y=x) A —|Bx) (=B) (1K)
-3x(Kx AVy(Ky = y =x) A Bx) —B(1,K)
The flying horse does not exist. =E (1 Fx)
Ax(Fx AVy(Fy = y =x)A—Ex) ?
—-3x(Fx AVy(Fy — y = x))

,
Ex := 3P(Px A 3y-Py)
Get rid of function symbols.
Bald(tFather(x, alice)) vs Bald(father(alice))
Universal Instantiation. VxB — B(ixA) 7+ VxB — B(3A)
B(13A) := (3xA — 3x(A A B)) A (-3xA — B[y/x])
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Translation

. Every citizen of every country respects the King of that country.
Vxy(Cy A Zxy — Rxi1,Kzy)

. The daughter of the King of China is the person everyone respects.
tyDyixKxc = 1x(Px AVy(Py — Ryx))

. The person everyone respects is a citizen of the country everyone
respects.

Zui(Px AVy(Py = Ryx))ix(Cx AVy(Py — Ryx))
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2% Bertrand Russell 1872-1970

> DERIFIE
(BIREFERLEN)
> SRS
(BSNEEEERRFIARKT)
> KBS

> (EF/RE)

REERIMAT ERATL A CERIAER. 1|

EFI R NEBRENME—RARATE, LRBEIAS
HEMSHIZRPREER.” -
_Eg X

15Russell: On denoting. 1905.
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PITEFSHEDT — ENEEICHIESE

> —PMRRRZERR TS T ERNEERER.

> FEEBAGEIREN: FEIAE—MINEY, —MNIREEaSE
EFCERPABEEN.

> DRANEIRTEXRIBBESTE 19 tHCAEE DRI+

> MFesk: ERFEMB. “TH/NERRZ 077

X f(x) =%,
df(x)_f(x+dx)—f(x)_(x+dx)2—x2_2xdx+(dx)2_ 3
e I = I = P = 2x+dx = 2x

> YRR %’” RE df(x) 5 dx HI7, % VeSS B E
BF £(0),

df(x) d o e+ Ax) - f(x)
o /W= Ax

16 Compositionality: The meaning of a whole (cf. sentence) should only depend on the

meanings of its parts (cf. words) and how they are fitted together (cf. grammar).
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SR FEME
1. BYE (BE) £ V2 250g?
2. FToH/INBEIT?
3. HARGIEFAER "5
Remark
> HBECAFTIRRRARKBET 5 MEFMAZE 5
> IE%E%H%A?E%&?—QEJZ—’ME%E%% — SRR SIE

i

> XA LSRRI IMSLH S, AR LARREE
BN RAIETUAIAAE.
> IEEGALE, EEEABLNEI WTRHPIRE " 2 3RATE
B RRERHE.
— KE-fRisfekt
FAARIFRAREUM MBI AR SIEEF5RAH
AU ZUEIEIR R, AREN 28 XA IIEE R 5tHIsLi0nI 88
HHERXER.
- E'H‘ﬁigml/ua



BIEEN & BIELIFFNY

> BEFRLUATRZEE.

> RIEFRLIARAX TR GRS ESES.

> RETLSIREIGIEREGZAEIERRTRE A 2B R XAY.

> FERSIS RAFIEE T EERREOIEE XA M T b iEaEsE
FRYEIE, WL TERRIRNE, fB(IFEIREAAIER).

> EBAESIEE X 2R, ROBEFRIREESIER CRINTPRAEER
B, HEEYREFHEETREATARN.
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RS (BYIESHIEES TSR L)
> — MRS MET BRNEEES %, oM EFMRAREEHRIESE, EXEX.
> BBABRGEFAEEHAR? —f73i%: BEDINE.
> BESTRIHRN REBIRTE XANEMME, RN AREEEENA
ST, MRS ER.

> M EFREEE CREKEFRITINERIT, NRETS(HIRA. b))
RERERERE—RILAESE.

> SARREIANESERNGRIFR. IFHEFAFHACEEE CRRTEREE
IF BT AIFERIPRA, (B L RABICIE4EHAMEAIRRAR. M E¥a
BREZAZENZAR, BNSEIFCINEE TIFNEY, ABIAERE
WEHERIFXFELF, NAEHRESARIANER, AIRREETXAN
H, BHEH—FIIANREETTRER. WALESERRIANAEERIRA.
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R (AKIEEHAR)
NRFAIER—AB, talmzaz
BeEZB, itBAa—T, EhEs
BHFIELERTEIMSRIECA?
28, AP e 5SS
HALEHEICA? iRE. FBRHIIHEK
BB, RAEHEarigEslr, R
BiEAHNZE.
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v

—ImEEESRIANHERE

Most boys are funny.
For every dog there is a cat. (There are more cats than dogs.)
Some girls admire only one another.
EIX(HxXx AVx(Xx — Gx) AVxVy(Xx A Axy — Xy Ax # y))
There are some gunslingers each of whom has shot the right foot of at

least one of the others.
EJX(H)CXx AVx(Xx — Gx) AVx(Xx — Fy(Xy Ay #x A Sxy)))

Least Number Principle.
VX(EixXx AVx(Xx — Nx) — 3r(Xx AVy(Xy Ay #x — x < y)))

A linear order (P, <) is complete iff every non-empty subset of P that
is bounded above has a supremum in P.

VX(HxXx ATVx(Xx > x<y) —

Hy(Vx(Xx > x<Y)AVz(Vx(Xx > x<z) > y< z)))
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https://www.pdcnet.org/jphil/content/jphil_1984_0081_0008_0430_0449

Gentzen

> Natural Deduction: one proposition on
the right.

> Sequent Calculus: zero or more
propositions on the right.

'rA :)F/\F—)\/A

: > Consistency of PA
Figure: Gentzen 1909-1945 (proof-theoretical strength of PA)
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EHIAMEE Natural Deduction

A B . AAB AAB
AAB A A A B A
[A]*  [B]"
A . B_ . :
AV B AVB AVB C C .,
C V
[A]"
: A>B A
ey Radt ?
[A]" [-A]"
; : A A . L
L +n i -n L + A
—A A
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EHIAMEE Natural Deduction

A(a) | VxA
N
via Alt/x]
where a ¢ Cst(VxA), and a is not in any assumption which is uncanceled in
the derivation ending with A(a).

[A@)]"
Alt/x] _ . :
IxA IxA B

3—71
where a ¢ Cst(3dxA, B), and a is not in any assumption which is uncanceled
in the derivations ending with 3xA, B except in A(a).

— s=1t Als/x]

Alr/x]

-~
Il
~
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Remark: [EAUFBABEFRApRR?

> AT A ThIERE—MER (arbitrary) XL, LIS EGHE
FOMERS.
A@

VxA

where a ¢ Cst(VxA), and a is not in any assumption which is
uncanceled in the derivation ending with A(a).
Remark: o AMKFUHIRFERIRIZ. ATUIEEESREHRT o BYE
B
> “arbitrary” # “random”
> ERRE—N O, BRILFREEIEMITSR.
> ANRBEAPENIEE— IR, XEREISF IR SIER T E D
IRAMEERIEE.
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Remarks: i/ “AIfCN" FHESHHEIR

Vx3dyRxy .

————= VY~ incorrect JdyRx x| x
TRy yRxy[y/x]
VyRyy + s

TovyRry incorrect YyRxy[y/x]x

x=y dyRxy L

incorrect IyRx x|
TRy yRxy[y/x]
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Remarks: B/ V* RIZURZMH-SERYEIR

VxRxx o
VxRxa ~
VxRxx V-
Raa PR
VxRxa V" incorrect
?
Vx(Ax — VxAx) -
[Aa]’

V* incorrect
+1

VxAx
Aa — VxAx —>\7’+
Vx(Ax — VxAx)
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Remarks: 1£ 3~ AR EZGSHAVE IR

325714 ? Vx3dyRxy ;
a JzRzz
1
A 1
[ a] annyy B [Raa] 3+
: JyRay JzRzz
A -1
HXAAiaa 37! incorrect JzRzz 3 incorrect
dxA 3xB
Ax(AAB)
[Aa]' [Ba]* |
Aa A Ba I+
IxA  Ix(AAB) _ |
3B (A A B) - | incorrect

dx(A A B)
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Proof.
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Examples

7\”(’4 — B) A > VxB where x ¢ Fv(A)
A5 ViB where x ¢ Fv(A) V(A — B)
Proof. Proof.
Vx(A— B) A > VxB [A]'
A — Ba [A]1 B VxB . -
— Bf Y
Ba v+ __ba 4)-%—1
VxB 1 A — Ba v
A—>VxB Vx(A — B)
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Examples

% where x ¢ Fv(B) % where x ¢ Fv(B)
Proof. Proof.
VA-B)  [aal
[Aa]> Aa— B o A TASB
ETL B, ﬁ ¥l
_ B A
ASE Vx(A — B)
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Examples

AxVyRxy
Vy3dxRxy
Proof.
[VyRay]'
——V
Rab I+
IxRxb — .

1

dxVyRxy VydxRxy
Vy3dxRxy 3
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Examples

Everybody loves anybody who loves somebody
If somebody loves somebody, everybody loves everybody

Vxyz(Lyz — Lxy)
AxyLxy — VxyLxy

\_»j
T

l
I
A\l
m

Proof.
Vxyz(Lyz — Lxy)
Lrj — Lmr [Lrj]* Vxyz(Lyz — Lxy)
Lmr Lmr — Lum
[3xyLxy]? Lum _
Lum 3
VxyLxy

2

dxyLxy — VxyLxy

O
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Example

If anyone speaks to anyone, then someone introduces them
No one introduces anyone to anyone unless he knows them both
Everyone speaks to Alice

Everyone is introduced to Alice by someone who knows her

VxVy(Sxy — Jzlzxy)
VxVyVz(Izxy — Kzx A Kzy)
VxSxa

Vx3y(Iyxa A Kya)

Proof.
Vxyz(Izxy — Kzx A Izy)
[Icba]' Icba — Kcb A Kca
Vxy(Sxy — Jzlzxy)  VxSxa Kca
Sba — 3zlzba Sha Icba A Kca
AzIzba Ay(Iyba A Kya) .

Ay(Iyba A Kya)
Vx3dy(Iyxa A Kya) 208 /413




Example

If dogs are animals
Every head of a dog is the head of an animal

Vx(Dx — Ax)
Vx(Dx — Jy(Ay A hx = hy))

Proof.
Vx(Dx — Ax)
Da — Aa [Da]*
Aa ha = ha
Aa A\ ha = ha

Ay(Ay A ha = hy)
Da — 3y(Ay A ha = hy)
Vx(Dx — 3y(Ay A hx = hy))

+1

O
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Example

WNRKEL/NEFFHEIR
REBRANEHEFHERRNE
VxVy(Fx A Fy A Bxy — Sxy)

Ax(Fx AVy(Fy — Bxy)) — Ix(Fx AVy(Fy — Sxy))

Proof.

[Fa AVy(Fy — Bay)]!
Fa Vy(Fy — Bay)

Fb — Bab [Fb]?
Bab VxVy(Fx A Fy A Bxy — Sxy)
Fa A Fb A Bab Fa AN Fb A Bab — Sab
Sab +9
Fb — Sab

Vy(Fy — Say)
Fa AVy(Fy — Say)

-1

[3x(Fx AVy(Fy — Bxy))]® Ax(Fx AVy(Fy — Sxy))
Ax(Fx AVy(Fy — Sxy)) 3 -
Ax(Fx AVy(Fy — Bxy)) — 3x(Fx AVy(Fy — Sxy)) -
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Example: {S2(HYF 75 2(BEL

[a = 2b]?
[E(a)]'  a®=2(2b%)
Jy(a=2y) 3y(a* =2y) 2
Jy(a® = 2y)
E(a?)
E(a) > E(@®)
Vx(E(x) — E(x?))

+1
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IFBE — EUpERIERBARIG
[Vxy(my <my — vy < vy)]1 Vxy(vx < vy = Vx < Vypy < Vy)

vE <V @ vig < Vg < VE
Va < V&
1
=Vxy(my <my — vy <vy)

+1

BF¥EEFHRFABL.
XAFIKITERA T
BT S ERIES,
B, BANS— P FEEEAR T,
MM A BEERRERIR S PIES s,
RFPERIFESSMAY.

— {07

PAOAN(SL - -U)A (U ->W)AM
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Hilbert System = Axiom + Inference Rule

N B

1. A-B— A
(A-B—>C)—»(A->B)—>A—>C
(—|A—>—|B)—>(—|A—>B)—>A
Vx(A — B) — VxA — VxB
VxA — A[t/x] where ¢ is substitutable for x in A.
A — VxA where x ¢ Fv(A).

X=X

o =1 @) G oo @9 IS

x =y — A — A[y/x] where A is atomic and A[y/x] is obtained from
A by replacing x in one or more places by y.

9. Vx1...x,A where n >0 and A is any axiom of the preceding groups.

HERERLIL
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Example

Theorem
A+ 3dxA
Proof.
1. (Vx—|A - —|A) — A > =Vx-A

o oA W

Vx—-A — A
A — —=Vx-A
A

—-Vx -A

dx A

Tautology

Ab

1,2 MP
Premise

3,4 MP
Definition of 3
|
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HAR—EIS? — FEEHITNETE oo

— M RIBARIIEIC IR LER S E R — LTRSS RYEF-
— BEXRE (WIefS) > ERJLEE LIS
= BEAE (BREl/EERE) » RILEEARES
=: IEZIENTE (IBXEE) > ESIE

0. A > BHE
EX— PRI, BeAlIR A7 > BRI

L BERENBFEL? > FIHE

2. ABIFAEEIG? > BRMAERSE

3. —Hug? > [TXAEXSE

4. 5TEENg? > BYHE

5. RIBJRITIG? > e

6. BEIEREE SAY—EUED? > BFIe

7. EJHIEND? > SreBENIEP
8. BEHEHEG? > hiTHREE
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Example — BRJLEE1S) A3 EIE

RRULERS (JUAEREA)
P 1 N—REIB—RALUF—REE.
N 2 —FRERAILIE B —REL.

P 3 DEBA—NmRAELD, Z2ERA¥E, AILUWEF—1MEL.

WiE 4 FrEEREMEE.

EIE

BE—FRER, JLUMF— MRS FO=HT.

1. cA
2. OB
3. AC
4. BC

yNLiK]
YN LK)
NE1
NE1

C

/\
\/
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Example — B8

tREY
> (Z,0,+)
ﬁ L = {g’.} > (Q+,1,X)

N1 Vayzix-(y2) = (x-y)z ” Klein group: ({0,9, s, &},9,)
INE O Vxie-x=x-e=x - | ¢ © & & | permutation
. o IR VIR W ) o
RE3 Vady:x-y=y-x=e Ol0 ¢ & & (1,2)(3,4)

a6 & o O (1,3)(2,4)
e a0 o (1,4)(2,3
XEFE, BEIITE.
MIZEZBERMMARERSIIARDEER.
— ZE

HEREARNEIREE—EFHEXR.
)
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KW= EREM, BEVERAEIt?

jJZEﬁF%'MSLE}J'{klu\EIJJE S
— TE+ZE

> AR B
> AR ESRE?

> AR A

> B4 R BR R

FIHFIEL
» BEALS: RE, 8 18, /M0
> JEBIENE:

N 1 REEE

N 2 NETHERE
N 3 FRSRIERAERE
NI 4 FESIHhER
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Z= EHBRYER A1

> “ERIE E’\J%‘ziﬁiﬁ%%&?&@ SRR AN RERT AL
> AR UE"? AR =R AR A" 2EXIRINE?
> AENRMESRAAINERENE—SHAEIAERGS?

H v
h
|
I vAt I
2h
At = —
c / V2
2H 2 vAt c
At =— =4|h?2 +|—
c c 2

> RAILAGIE ©4T, (RIABEN R TR EZIB CRIKRIB?
> B ERFRTHINERE . EAHINT F? SANE EHE
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Definition (BJ¥H[E5)

FER—MEMSRES, SEARMENGTFEHIDRASHNRESERE
—NETER A 0 B. BI¥p A #1 B [E5, BENE, NRE A BAGZI 14 A
A §3 B RHERIYEE B RIBTZI 15 BX B [T AIREIE] A, F1E A HIATZ)
r, B A, TIAFIURAL:

Z‘B—IAZt:{—l‘B

Theorem

ER— MR SIRR D, AMEFRIBR T LRSS 2 FRR
REBEMKRZR.

Remark: ERFHRIENMYE — E—MEMSREANNRERPRERINAE
HMNEE, AN SRENS — MBS R ROMEERPAEER

A AR4ERY.
f ;

(]

4

e FROMERE: "ERETR" JIERERNRE. STERLEETE”
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RN AEXTE
NI 1 FRNAENTERIE:. BAMEEREIRESREHEMER.
NIE 2 WEATEFE: KEESHIEREEAT, BESIRUSR
RAUEELK, tBE5RANEIIRESTX.
Remark: J&&R FRRRIZ. (RRIEREEEICHERERE As < cAr)

PR

x| _|cosh® sinh@||x’ B '+ L x + vt L
ct| = |sinh® coshé@ 2 = 2 y=y z=z
c? o2

A=l SR RANERTT K.
2dr? - (dx? +dy? + dz?) = Adr? = (2 + dy’? + dZ?)
ESKERNEN Y — fPERYE

v ARSI, ARSI
A =Al=F  U=W1-3F  mFasmiemtt KesmessT
u+v "= p= o, p=_"_ 2

R 1-22 1-2 1- 22
P 2 o2 311/413



ZEHmBRYT NAEX1E

|BYE =N O
PNIE 1 TXEXERIE: BANE
TR SRR %?9
NI 2 FWEE: 5|055I18% B°
SF R REIR S e

> EAREMHERZEINEIN, 5&
PNESEIRAPRZERNRIE D BEA
X5

> REREFTSIIRE mr = me.

> 5|HERHRE/EESHAISERT
A5 B 2RI F RIS R

> EEEFOROMEN WREFE &, - Lo.r= 20T,
c

NS,
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L J
Modeling

Ch

) ft Statistics
Opesations e %%"Ce}rjemial Ezuatic- 5 \\Prob ahility
y N
Crypiclogy /Number Theory
Gatne Theory f // Py \'\\\\\.{‘/‘ i ki
Y

Caleulus 3 ; h
"% Graph Theory  Topology Mumetical Analysis

Linear AlgW 4 .-_zf/ .%Co?ﬁaleaﬁmalysié\ f’(

Enot Thegry Computational hath

i * @ Real Analysis
A l:: e Ce c‘metry. LA Nz i
ehra
L Analysis
Mumber
Systems
Zet Theoty

Logic

//\ /—\\ £2002 M Hale
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GENERAL RELATIVITY QUANTUM FIELD THEORY
[6R7Efﬂf27 _ (3+1-dimensional pseudo-Riemannian (Operator-valued fields on R #obeying certain Lorentz-
! | SU(2) ! manifolds with tensor fields obeying PDE's of, say, invariant PDE's and commutation relationships,
1_GROUP_, ' | Einstein-Maxwell theory with perfect fiuid component) acting on an abstract Hilbert space)

MANIFOLDSWITH ‘ METRIC ‘

LIE LIE DIFFERENTIAL
GROUPS | |ALGEBRAS| OPERATORS TENSDR FI EL DS MANIFOLDS

ALGEBRAS| LINEAR TEN REAL COMPLEX HILBERT DISTRI-
OPERATORS ACES MANIFOLDS || MANIFOLDS SPACES BUTIONS

De'lne Charls and A%%mns Define linear
TRIPLE! Deline linear T product functionals
FIELDS funcioneor
 Addath FUNCTIONS
T bma'yop N
|DOUBLE! Add new diass . ‘ D . [COMPLEX 4
| FIELDS, (veclors), define! g v NUMBERS| 10 Pars_| NUMBERS
vector sum & property Add
Addd scalar product norm&
binary operation, te) Define=, + & - for complete-
Dedekind cuts ness

METRIC | —roidd,
he=,+ & -for equi- | SPACES
Relorvs e ol e add
Vuu INTEGERS fmemc

Add commutativity inverse Define=,+ & -for | TOPOLOGICAL
LI e ARG b SPACES
Add inverse 'Add commutativity and 2nd NATURAL
assoc. & distrib. binary operation NUMBERS
Specialize

Vad number theory

77777 \ svrrbols& “axioms
I DODECA- Add symbols
Add = & associative LOWER d f

: HEDRON! binary operation with identity ~~| PREDICATE *»anmam"s =~

subset,
| _GROUP CALCULUS | union& intérsection

RELATIONS

Iadd
cartesian
products

Add quantifiers

symbols & axioms for
brackets, not, and, etc.

U -

314 /413



NS
IR £
—. EEE (8B B 5 o, H409)
1. UMM EBEMAY?
A. JyVxRxy — VydxRxy B. VxdyRxy — IxVyRxy
C. Vx3yRxy — dyVxRxy D. IxVyRxy — VydxRxy

—. TERXREEE? &6, I\, &L, aHxREE. (10 73)
(p—=r)vig—r)=(pVvae —>r
=. PR TR S ENGREIEIESHAEEFTTIAKE. (20 D)

—_—

BA—EXREEG=MREEA: N NEFNE EOE—ARXF, BRF
BE= ABRPICEE. AIRNRXTF, BPA/NKEREIR. MR NBAREXTF, B4
INRAR. 158, IEBERXF?

/0. FTESIEREER &8, BIH, B, BHEIEE. (20 4)
AABBIE/NK. NXRIEEK. A, BN
A, iGAE. (10 93)

BRI A RUE IR ST /RAEZ AR R AVIERE.
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Contents

Modal Logic
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Modal Logic

It is possible that it is raining.
It is certain that we will get wet if it is raining.

It is possible that we will get wet.

OR
oR - W)
oW
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Paradox of Material Implication

> If God does not exist, then it's not the case that if | believe in God, |
will have eternal life;

» and | don't believe in God;

> so God exists!

-B -B
?
G G '
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Why Study Modal Logic?

> Modal languages are simple yet expressive languages for talking about
relational models.
> Modal languages are not isolated formal systems.

> Modal vs classical (FOL,SOL), internal vs external perspective.
In FOL, models are described from the top point of view. Each object
and relation can be named. In modal logic, relational models are
described from an internal perspective, there is no way to mention
objects and relations.

> Relational models vs Boolean algebra with operators.
(Jonsson and Tarski's representation theorem.)

> Decidability.
(seeking a balance between expressiveness and efficiency/complexity)

318,413



expressiveness

The more you can say, the less you can effectively/efficiently do.
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Relational structures in first order and modal logic

> |n first order logic, relational structures are described from the top

point of view. Each point of W and the relation R can be named.

e, w1

(

> Wo

w3

Alice (in first order logic):

RW1W2, RWQWQ, RW3W2, —|RW1W3, —|RW2W1, —|RW2W3, —|RW1W1, e

> In modal logic, relational structures are described from an internal,

local perspective.

()
io

Bob (in modal logic): “I can reach a green point in 2 steps. There is

no yellow point | can reach.”
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Contents

Modal Logic
Syntax
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_ WAESBEK
> BJHE (basic modal logic)
> 132 (temporal logic)
> JEITF (deontic logic)
> FRENE /HB(E (epistemic logic)
> ESSCHIFAR (provability logic)
> BT 3 RZJ5 (dynamic logic) Figure: Saul Kripke:
> QEHRBIR (coalition logic) 1920-2022
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Syntax

Language

&L ={-,AV,—,,0,0,(,)U Var
where Var := {p1, p2, p3,... }.
Definition (Well-Formed Formula Wff)

A=p|-A|ANA|AVA|A—>A|Ao A|DA|OA

> It will always be A. GA
> You ought to do A. 0A
> | know A. KiA
> | believe A. B;A
> A is provable in T. oTA
> After the execution of the program a, A holds. [@]A
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Examples

. "Ought” implies “can”, but it does not imply “is".

(@p — ©p) A=(0p — p)

. What must be is, and what is, is possible.

(@p — p)A(p— Op)

. Just because it happened that doesn't make it acceptable.

=(p — ©p)
. Just because it happened that doesn’'t mean it ought to be permitted.
~(p — Oop)
. If it is raining, it is necessarily possible that it is raining.
p — 0OOp

. If it is possible that it is raining then it is necessarily possible that the
corners are slippery.

Op — O00q
. Necessarily, if it is raining then it is possible that the corners are
slippery.

a(p — 0q)
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Contents

Modal Logic

Semantics
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REEE T Kripke ATREHFIENF

REREEGIERE 7 = (W,R) HIESHIeettRE w RE FARTR KR R 13
B%.

> W0

» RcWxW
FRERE TSR M = (F,V) = (W,R,V) HREEEESL ¥ RE FROEE
V : Var — P(W) tapk:

> M,wepiffweV(p)

> Mwe-Aiff Mwg A

>» M\we AABift M\,we A and M,wEeB
> M,wEDA ifFVveW(va — M,VI:A)
> M,wEe CA ifFEIveW(va & M,VI:A)
7 eibniz:

MweDAiffYwveW: M,veE A
MweOCAIfFIveW: M,vE A
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http://rkirsling.github.io/modallogic/

Example

4

M,wiEpAOp
M, wiEgAOg
M, w1y E -Og
M,wos E g A Ong
M,ws Ep
M, w3 EO-p
M,waeOp A=Op
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imE & B

> R0 A ZARERY, SRS, FE Mw 15 Mow e A,

> NI A TR M ERE (M EA), BENY, SHE=weWw 25
M,weEA.

> NI A ERIEZR 7w B (7w = A), BN, IIEZE 7 1Y
SRR M EE M, wE A,

> NI A FEER F BB (7 - A), BB, WESE F LTSS
B MEEB MEA.

> T A EEERSE ¢ EBR (C - 4), BEMRS, WHMERER F eC
B 7 kA

> 2T A BBERHY - A, SRS, XHESER 7 #8 7 £ A
Truth is in the eye of the beholder.

Example
rF0(A - B) > 0A — OB

326413



M

1BEEZ2 S Entailment

> {RE=
TEA = VMVWGW(M,wle — M,WI:A)
> (RiEE
Ty A = VM(MtF — MI:A)
> (RIEZE
Tep A = v¢(¢.:r — TtA)
> (REM

el = kA

Remark: “{Rm" 38T “(RIZE 38T “(RIEZR" BT “(RB
DEMRMURFEN, BIAMCRNFERERE, AARNEREZRE.
Example

> pkEOp

> pEypOp
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serial

reflexive
symmetric
transitive
euclidean

total

isolation
successor reflexive
asymmetric

antisymmetric

Accessibility

Vx3y : Rxy

Vx : Rxx

Vxy : Rxy — Ryx

Vxyz : Rxy A Ryz — Rxz
Vxyz : Rxy AN Rxz — Ryz
Vxy: RxyV Ryx

AxVy : =Rxy A =Ryx
Vx3dy : Rxy A Ryy

Vxy : Rxy —» —=Ryx

Vxy : Rxy ARyx - x =Yy
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Correspondence Theorem

Theorem (Correspondence Theorem)

W,ReOp — Op &= R is serial Vx3y : Rxy

W,Reop — p &= R isreflexive  Vx: Rxx

W,Rep —0OOp <= R is symmetric Vxy: Rxy — Ryx
W,RrOp —oOdp &= R istransitive Vxyz:Rxy A Ryz — Rxz
W,REOp > 0O0p <<= R iseuclidean Vxyz:Rxy A Rxz — Ryz

cU N

Remark: B is for Brouwer: if we regard “negation” as “necessarily
negative”, then we get p — O-O-p from p — ——p.

Proof 5 ( &< ): Assume W,R £ 5.

Then wE Op but w £ OOp.

Now wk Op = Fv:Rwv & VvEp, v . 'u
and wegOOp = wEO-Op = Hu:

Rwu & u e =Op.

However, Ruv = uk Op. w @
So we have Rwv A Rwu but —=Ruv.
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Proof (= ): Counter-model for D, T, B, 4,5

O -0 O
&6 @gj
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More Correspondence

W,Regp — Op
W,Reop - p

W,REep —OOp

W,R e Op — OOp
W,ReOp - OOp
W,REOp — Op
W,REeOp & Op
W,Reo(op — p)

W,R e oop — Op

W,R e OOp — OOp
W,REO(gp — ¢q) vo(og — p)
W,ReO(pAOp — q) vO(g ADOg — p)
W,Rep—aop

W,REDOL
W,ReOp = pVvOop

[RRRRRRERERNRNNI

R is serial

R is reflexive

R is symmetric

R is transitive

R is euclidean

R is partially functional
R is functional

R is shift reflexive

R is dense

R is convergent

R is connected

R is weakly connected

Vx3y : Rxy

Vx : Rxx

Vxy : Rxy — Ryx

Vxyz: Rxy A Ryz — Rxz

Vxyz: Rxy A Rxz — Ryz

Vxyz:Rxy ARxz =y =1z

Vx3ly : Rxy

Vxy : Rxy — Ryy

Vxy : Rxy — 3z : Rxz A Rzy

Vxyz : Rxy A Rxz — 3w : Ryw A Rzw
Vxyz: Rxy A Rxz — Ryz V Rzy
Vxyz: Rxy ARxz — RyzVy=1zVRzy
Vxy:Rxy - y=x

Vx—-3y : Rxy

Vxyz: Rxy ARxz =y =xV Ryz
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Modal Logic

Formal System
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Formal System = Axiom + Inference Rule

Axiom Schema

tautologies

Dual GA — -O0-A
K o0(A— B)—>O0A— OB

0A — OA
OA— A
A - O0CA
OA — OOA
CA — OCA
O(oA —» A) > OA

—r o~ W 4 O

Inference Rule
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85 |

+symmetric +transitive
84 B]
+transitive +symmetric
T
A
+reflexive
D]
A
+serial

K|
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W KB ¥ 4

p—<Opr0Op —p w ¥ Op — O0p

O

KTB ¥4 w ¥ Op — 0OOp
KTB¥ 5 vEOp — O0p

334/413



KDb5 ¥ 4

w1 ¥k Op — Odp
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Contents

Modal Logic

Logic of Knowledge and Action
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Jaakko Hintikka

Figure: Jaakko Hintikka: 1929-2015. Epistemic Logic / Game Semantics /
Independence-Friendly Logic
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Information Update

THREE LOGICIANS WALK INTO A BAR...

DOES EVERYONE spikedmath.com
WANT BEER? R I OON'T KNOW. |
©90|lc ©90
= 'y =
A

e v
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AR AERR

H2ABZNE? {RANFAN, B3 AARKD.
MISEERTWEY? FhEATLRNR.
MR EIE R TIRAT? (RAOMEAD, MOARNRED, BXZEIREAIATERNR.
IR 2FUAY? IHRABIRE S,
EH 2RI AK? FANEb B RTER IS FBRY.
HEREN? HETENXAIEHEEBERNR.
> (=) PRUERHMNEN: BEHFFIFRATERNRMELUAR.
> HITRIREEEF AR LHEXNERAEFEANE.
> IRAZR? EMRIARIARREY.
> (FEIRDEFS: ILFRBERE.
> Would you like to come up to my apartment to see my etchings?

f Q: FAEFHMRAE !
Nash: Could we just go straight to the sex? K

vV v. v v Yy

v
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s
M 0~ 100 ZIENE— MBS, EREF BRI TSR 5 .
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MEZEBRINAEE AR

Problem (KZZF=£E M AFHANIART)

1.

5.

AL FENFITN: BNMEKIEEQAHNN L FUAIRERZ !

2. NE(FE 100 XFK3.
&
4. BRENUFEHMERNARNELARE LY, BEFAEECSEAREH

SASEHINT.

M. HBEEEME=E.
®EX ZEK7, InpliREE: NEELE—PEALNT

After a date, one says to the other:
“Would you like to come up to my
apartment to see my etchings?”
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BB — REFIFRS RIS E + SUYE

Ny ' =%
| 40 3,3
Z|7,-1 00
)
rd A 2
af ' %
7 3,3
> NERIRMRY & 0.0
Rational(s
) r %
> AEREIVERIEMR g 3,3

Ky Rational(s)
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REFFSRES n-MEYE

c1 C2 €3 Cy4 1 c2 €3
ry|95101]0,11 | 1,20 | 10,10 ry | 95,10 10,11 | 1,20
ro| 4,0 | 1,1 | 2,0 20,0 ro | 4,0 | 1,1 | 2,0
r3| 3,2 | 0,4 | 4,3 50,1 rs| 3,2 | 0,4 | 4,3
rqg | 2,9310,92 10,91 | 100,90 rs | 2,9310,92 10,91
C1 () C3 (&) c3 s s
r1| 5,10 | 0,11 | 1,20 r1| 0,11 | 1,20
re| 4,0 | 1.1 | 2,0 ro | 11| 2,0 re | 11720
rs| 3,2 | 0,4 | 4,3 rs| 0,4 | 4,3 rs| 04143
0-order c¢4Xx Rational(c)
T L l-order ryx K, Rational(c)
— co 2-order c¢1x K K, Rational(c)
ra | L1 T | 11 3order rix K,K.K,Rational(c)
3|04 4order c3x K K,K.K,Rational(c)
5-order rsx K,K.K,.K.K,Rational(c)
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vV vyy

EE =AY (=Hit) [ALER0

BEREE C(k)

BEENEESSIEER. K.C(2)
BESMERDEHNEEERIEER KKC()
BEEAMBEESSANEDSENEEERIER KKK C(2)
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Thinking Strategically

ZIES/VIE

»

>

>

SIVEEZRTMARNERSELY, TRISERILER.
BREZIEAR, MiLeEMEE.
ZIVEEEEaE—F—FRNRROENE, AI5—EKMm MzaXx
it

> INUEEZIVERAEERIXAS &R, ZIE WIsES "
> FXK, MNUEF AR, BT eI T .

VVYVYyVvVVYyVYYVYYy

[A] K/J\A
K [A]KgA
Ks[A]-K[A]KgA
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vV VvV vV vV VY

Knowledge
Knowledge
Knowledge
Knowledge
Knowledge
Knowledge

AHIENE

is power: act properly to achieve goals;

is time: to make decisions more efficiently;
is money: can be traded;

is responsibility: to prove someone is guilty;
is you: to identify oneself;

is an immune system: to protect you;

Knowledge satisfies our curiosity.

The only good is knowledge and the only evil is ignorance.

— Socrates

ALL men by nature desire to know.

— Aristotle

The greatest enemy of knowledge is not ignorance, it is the illusion
of knowledge.

— Stephen Hawking
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Mz RANZ

know the unknown from the known

> There are things we know we know. There are things we know we
don't know. There are things we don’'t know we don't know.

AxKKx A AxK-Kx A Ix-K-Kx

-K=Kp —~~~> K-Kp ~~~» =KKp —~~~ KKp

> MIZARZ, AR, A0,
Kp - KKp & —-Kp — K-Kp
“Real knowledge is to know the extent of one's ignorance.”
—fF

> FOESR, FOERTLAR
K3axAx — IxKAx
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Epistemic Logic

M,wEeK;A iff Vv e W(R,-wv = M,vE A)

WEDPD
WI:—lKlp

12 12 vE-Kip
wE Kgp

1 a v E Ky=p
>
w E K1 (Kap vV Ka=p)

wE K2—|K1p

VE K2—|K1p

wE K1K2—|K1p
wEpA=Kip AKop AKi(Kap V Ko=p) A Ko=Kip A KiKo=Kyp

RIRALETR (p), B 1 B, M 2 A8, AT 1 JiE 2 MEHNR
BETR (AR 2 FEALD)......
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FRAORRSE

> Mutual Knowledge:
everybody in G knows p.
> Distributed Knowledge:

everybody in G would know p
if agents in G shared all their knowledge.

> Common Knowledge:

everybody in G knows p,
everybody knows that everybody knows,

and so on.

348413



Mutual Knowledge

Suppose a group G C {1...n} of agents, everyone in G knows A:

EgA = [\ Kia
ieG

Rg = URi
ieG

M,wEEGA iff Vv e W(REWV = M,vE A)
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Distributed Knowledge

Intuition: what we know if we put all of our knowledge together.

RD = ﬂRi

ieG

M.wEDGA iff Ve W(RDwv — M.vE A)

12 12 12
1 2
> | ———>|
w1 wo w3

wa E Kip A =Kig A Keg A =Kap ADy1.23(p A q)
DgA # v K;A

ieG
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Common Knowledge

R':=R
Rk+1 - R ° Rk
RoS = {(x,y):3z(Rxz A Szy)}

E¢A = EgA
k+1 4 ._ k
EXFLA = EGEEA

CGA :

k/:\l EaA R = O R*
i k=1
Rc = (U Ri)

ieG

Mow k= CgA iff Vv e W(Rewy = M,vr Al
A Hierarchy of States of Knowledge

CgA = --~E’(‘;A — ---EgA = \/KiA = DgA = A

ieG
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mAYEIRE

A VAIRAYE X ATHE

2 w1 ws
—() OF
| ————>| | ————>|

12

12

oF @

“Communication Core”

w1 k D1a(p A Kip)

W Remark: Communication turns
distributed knowledge into

wi E Dia(p A =Kip) common knowledge.

18 Communication Core” consists of the actual world plus all worlds linked to it by the

intersection of all uncertainty relations.
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SHIVENIRAYE X ATHE
> |t is not invariant under bisimulation.

> It is not the case:

{B: M,weK;Bforsomeie G}FA < M,wEDgA

N[ EE

12
&
< 12
w
12
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Can we easily have full common knowledge?

12 12 12
w1 wo w3
w1 EEq12yp ACi19yp
BRIZIRENDBIET o F1 b BNEE 2 0 3, (RR SRR IRXED
HFE2EPNBERE. € p A "MEFZH/NTFT—TFR", &\ p 2 a
b BIANHANRA?

(0,1) > (2,1) < (2,3) 2 (4,3) < (4,5) — (6,5) -

(2,3) E "KpK Kp(x +y <10)

a and b commonly know that b's number is odd.
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A: WNERFLANE B —7El
£5% head

B: ANERFLAIE A —E
£5% eid

M &

I8,
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EHEBENEIHINBI Coordinated Attack

©

O

|

Slo)

~—

=
1€5)

00




(=1F) — BREZHMN

> AE— EERNENE—FE

> N OB 3K, BRI BRI
TR
MBRASRBERR, BHTRINEEIESImE, FAREE—RA
13, B ROET AR ERINTS Ot B B0, AL, (ROAEEARAT
EREEANNIG, (RAERA NS EEARER, H—5,
(RAERIEREERRER, ROMEINERERMERD, (ERRA
KRR E LB E A RS AR ...

FEREARAA

FHE—ERERN, ST PHREHFBRIEA, GURIRETTE
...... RMAI T BRI, FERAREA FERXEEREER, 78
BRI LIAR L EHIRIE A, AERKNRAIDILAR KRR
5, BEEIRBE—HE: FFRIEHRZ. [EXRFMT, AR, 5
BKIERIERD (FNEKE), (HAREB SHFEREREBRREGER. X
HMEFHNBESR, XHMEXZEKIFZICHIRER.

357 /413



Swerve

Straight

p: XX EfENEEAITIR
> HABRIXT p BRNRIRSEELR S EARERZE/Y?
> RMFERADE p tB1D (Ep)?
> RMFERRIERMERANE p Ve (EEp)?
> AT, FEEBREIHRLUARIANEELTH (KK, Kip).
CA = EA AEEA AEEEA. ..
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Example — A Question/Answer Scenario

wE Kap
wE=-Kip A=Ki=p
12 12 w E Ki(Kep V Ka=p)
w E Ko(Kop vV Ko=p)
1 e wk E(1,2y(Kzp V Ka=p)
w E Ki(=Kip A =K1=p)
w E Ka(=Kip A =K1=p)
w E Ef1,2y(=Kip A =K1=p)
w E Cy1,2)(Kap V Ka=p)
wE Cyy 21 (=Kip A =K1=p)

Remark: This is an excellent situation for 1 to ask 2 whether p is the case.

359 /413



v

vy

v

Epistemic Logic — Formal Systems

Knowledge S5 =K +T +4+5

Kz RZ(4), ANRAAFI(5), 22X

Belief K+ D +4+5
Common Knowledge
S5 for Cg

+
CcA o ANEGgCGA
+

AN Cg(A — EGA) — CgA
Distributed Knowledge
S5 for Dg

+
KiA - DGA when i € G
+
DgA — DgrA when G C G’
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=

KR vs {52 Knowledge vs Belief

K(p = q) = Kp = Kq
Kp—p

Kp — KKp

-Kp —» K=Kp

Kp — Bp

Bp — KBp

-Bp —» K-Bp

O

Bp — BKp (strong belief)

=

B(p — ¢q) > Bp — Bg
Bp — —-B-p

Bp — BBp

-Bp — B-Bp

Bp (—7) —|K—|Kp
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o ok w =

EE/RYZ1E Moore's Paradox

Are all truths knowable?

’It's rainning but | don't know it's raining.‘

K(p A =Kp)
Kp

K-Kp

-Kp

Kp A =Kp
=K(p A =Kp)

F —|K(p A —|Kp)

Assumption

Kp—p
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© N o Ok w =

E%d
=

7R1E18 Moore's Paradox
Are all truths believable?

’It's raining but | don't believe it's raining.‘

B(p A =Bp)

Bp A B=-Bp

Bp

BBp

B-Bp

BBp A B-Bp
-(BBp A B=Bp)
—-B(p A =Bp)

+ —|B(p A —|Bp)

Assumption
B(p Agq) = Bp ABg

Bp — BBp

(Bp — =B=p) & =(Bp A B-p)
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ok W=

-p ABKp
-Kp
K-Kp
B-Kp
Bl

Against Negative Introspection?

suppose you falsely believes that you know p
knowledge implies truth
negative introspection

knowledge implies belief

-Kp - K=Kp 7 (Ax 5)
-K-Kp - Kp 7 (Ax 5)
=K-Kp — K=K-p 7 (Ax 4.2)
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Margin for Error and Against Positive Introspection?

Pn : 1 grains is a heap.

1. K=p, Assumption

2. K(pps1 = —K=p,) Margin for Error

3. K(K=pn = =pn+1)

4. K=pp — KK=p, Positive Introspection

5 Kapns1 ?
Kp - KKp 7

Remark: ZHEFICREMIFIC, TEIXMEEIFICID: AEMAN,
E AR R s IR HZ a4
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IZIEEH vs RS

A A—> B Ao B K(A— B) KA
KA KA — KB KA & KB KB
S1 | know “l have hands™. Kp

So | know if “I have hands" then “I am not a brain in the vat”. K(p — q)

S35 | don't know that “l am not a brain in the vat". -Kg

Possible “solutions”:
> Impossible worlds: inconsistent alternatives

> Awareness: K = awareness + implicit knowledge

v

Algorithmic knowledge: K = answer by algorithm
Timed knowledge: reasoning takes time

Neighbourhood semantics: still problematic

vV Vvyy

Counterfactual implication:
» Nozick: Kp:=p ABp A (=p 0— =Bp) A (p O— Bp)
» Sosa: Kp:=pABpA(Bp o> p) A(p o> Bp)
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Beyond Knowing That — Yanjing Wang

knowing-whether KA Vv K-A EAEREE Sk
knowing-what IK(A - x=c) HNEFZENFRSEIET4
knowing-how JaK[a]A KRB AISCI—ANB TR

knowing-why JrK(t : A) BB AMEST
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Information Update — Muddy Children Problem

Problem (i2fxIaJ7R)
> n NMNREM k NEEF ETIRE.
> NI ReEERBIARNE, MANER Sk E2REIRE.
» BIRERITRES: {RMIPEBAILREFERK LT
» AEEINGSE: FEBCk tEREBRISTILHE!"
> RB ALK
» ZIRESE: FIEECK EERERSTHIL K"
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mimim ! cmm mmm ——— cmm
o P2
P 3 | e P
7 - 3
cme i mmc cme 2
5 mcm ccm 9 mem cem
3 3 | 37
e Ve ~
mce —® mee
mmm —— | cmm
N
-
mmc 2 mmc
mcm

"BALREBFRRE LT B8 Cl LERERYS LR

=Kimi A =Ki—mq1 A =Komag A =Ko=mo A =Kgmg A =K3z—mg3

mmm ——— cmm
37 | . |
- s
[rme] o
l mcm cem
| /“/ /"/
mcc 1 cce
mmm ——— 1 cmm
NG | 37 |
7 Ve
[mmc] ® T
i mcm ®
®
1.
2. RBAuLHXE &

Bk EBRERIET !

Kimi A Komg A =Kgmg A = Kg—m3

3.1 %0 2 BT K.

Ksg—-ms3
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NFEEIELE Public Announcement Logic

A=p|-A|AANA|KA|[A]A
M,wE [B]A iff M,weB = Mlg,wEA
M,we (BYA iff M,weB & Mg, wEA

where
Mrg = (W, {R}icG, V')
and

Wi ={weW: M,weB} R, := Rlwxw Vi(p)=V(p)nw

[B]
—

B | -B

Remark: the meaning of an action is the change it brings to the states!
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ML S

M,mmc Emy Amo A —mgs mmm ——— cmm
N v
3 .
M,mmc E E{1’2’3}P ;e | /-5 |
[mmc] ————— cmc 2
M, mmc E —|C{1’2’3}P | |
M, mmce £ =Kymy A Kymg : mem ——— ccm
o 2
M, mmc e KiKzmo A K1=Komo | 3 3
mcc 1 ccc

Ml p,mecc E Kimg
Ml p,mmc E(=Q1 A —Q2 A=Q3)Q1V Q2 V Q3
Mip,mmm E (~Q1 A =Q2 A =Q3)=01 A =Q2 A Q3
M p1-01A-Qan~03, mmm £ (=01 A =02 A =03)01V Q2 V Q3
1. “EA*EJEEEEEUH@J:TW P:=miVmoVmsg
2. “%ﬂiﬁﬁﬁtﬂ;‘%'” =01 A =Qo A =Q3 where Q; = Kim; V K;—=m;
3. “HE.IEHZKR!" 01 A Q2 A =03
M, mmc £ [P][=Q1 A=Q2 A=Q3][Q1 A Q2 A =Q3] (Kimi A Kamy A Kz—ms3)
M, mmm & [P][-Q1 A=Q2A=03][-01 A=Q2 A=Q3] (Kim1 AKama AK3ms3)
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vvyyy

=&x

"I MR, R ZBRHORE D E
BN AEEZIECFENFR.

2 @) 1: {REERE?"
1 R

T 1,2, 3 =1NNBE.
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ZANFR D BIZK?

— P AOEERE— A FRIER.
> %# "BE=I T NRIFRIEERR 36, IEERESKAIH
> EER: "BRERERZFZA
> B CAEFRR TR T, BIREAEREREM
> EER: ﬁlﬁb%[lﬁ?'
1 1 36|28
18 | 21

9 |14

1 6 6|13
13:)22913:>22913
13
11

10

W WN DN

W NN = ==
= o OO
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INERYEHEWK?

NSRS ERRERIE NI
INFEE T AibA1] 10 DT RERYIRIZ:

5.15 5.16 5.19
6.17 6.18
7.14 7.16
8.14 8.15 8.17

Ra/INRo ISR T /NG NatRE BB MR F
> NI ERAAIE/NKRRYE R, BFNE/NEBARE"
> NB: ZRIERARE, (BIERAET
> NI BBF B AIE T

374 /413



INERYEHEWK?

NSRS ERRERIE NI

INFEE T AibA1] 10 DT RERYIRIZ:
5.15
6.17

7.14
8.14

5.16
6.18
7.16
8.15

5.19

8.17

Ra/INRo ISR T /NG NatRE BB MR F
> NI ERAAIE/NKRRYE R, BFNE/NEBARE"
> NB: ZRIERARE, (BIERAET

> NI BBF B AIE T

5.15 5.16 5.19

6.17 6.18 — 7.14 7.16 .
7.14 7.16 8.14 8.15 8.17 8.15 8.17

8.14 8.15 8.17

7.16

7.16
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RS HrZh%

HRZHR KRS
> MEIKEERE “0123456" B/NIF/INE D BIHEERI AT 7 =5K4EhE,
INEEETRITA—K.
> [\ NEFVNEBREUREET AT E SFES R EFLEY 5
ARRERMH A, (BRI NGERAFEFHI—sKAEF ERREAIEE?

Solution

» BRI FEERR 012, RITAILIKE 3456. M 012 Bix—iK, ARG
M 3456 BBERGSK. 1ERK 034, 056, 135, 146, 236, 245. INEANFFEEIE
EtMEEENE—.

012

034 056
135 146
236 245

> INERFES/NIABRIBRGKAE.
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Unsuccessful Update

F [pICap
F [CGA] CgA

E[A]CGA *[A]KA £ [A]A

e [p A —=Kp]

w 1% w

M,wE (p A=Kp) A [p A=Kp]Kp

Remark: If the goal of the announcing person was to “spread the truth of
this formula,” then this attempt was clearly unsuccessful.
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ok =

Unsuccessful Update

12 12 12
O G
w A%

w

M,wE (p A=Kap) AKi(p A =Kap) A [Ki(p A =Kap)]KiKap

WL AFES" FJLUE "B /9% R RY?
WL “AFES" FLUE R B9%A "B RY?
PR “AFES" AJLUR “B"?

BRLL “AFEE" ALK “FE"?

BRLE “NFFES" AT, “AHANIR?
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_ =
= O

,_.
N

© 0N Ok W=

Valid?

(B)A < B A [B]A
[BI(A — C) & ([B]A — [B]C)
[Blp < (B — p)

[B]-A & (B — —A) 7
[B]-A < —[B]A ?
[B]-A & (B — =[B]A)
[B]K;A « (B — K;(B — [B]A))
[B]K;A < (B — K;[B]A)
[A]K;A 7

[B][C]A < [BAC]A?

[

. [B][C]A < [B A [B]C]A

A Alp) Ao B

Ao B

[BJA  A[B/p] [A]C < [B]C

[C]A & [C]B
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NHEHIZEE Public Announcement Logic (PAL)

Axiom Schema

1. Tautologies
Ki(A — B) - K;,A - K;B
[Blp < (B — p)
B]-A < (B — —[B]A)
B](AAC) & [B]JAA[B]|C
B]K;A & (B — K;[B]A)
B][C]A & [B A [BIC]A

N o U AW

[
[
[
[

Inference Rule
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Announcement & Common Knowledge

P—[0]A PAQ — EgP
P — [Q]CGA

‘Common knowledge induction’ is a special case.
Take P:=A and Q :=T.

Cg(A > EgA) > A—>CgA
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MRLIZEE Propositional Dynamic Logic

A=T|p|-A|AANA]|[a]A

a=a|A? |a;a|aUa|a”
M,wE [a]A iff VvEW(Rawv — M,vr:A)
Mow k(@A ff 3v e W(Rowy & M,v A)

where

Ra? = {(w,w) : M,wE A}
Rop {(w, v) : Ju(Rewu A R,guv)}
RQUIB = R, U RB

Ry = OR“"
n=0
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s IZ4E Propositional Dynamic Logic (PDL)

Axiom Schema
1. Tautologies

[a](A — B) — [e¢]A — [«]B

[B?]A & (B — A)

[a; B]A & [a][B]A

[aUBJA & [a]A A [B]A

[@*]A & A A [a][a*]A

AN [a*](A - [a]A) —

N o U AW N

[a*]A

Inference Rule

A A—>B A

— 75 MP o4 N
PDL is sound and weak complete.
PDL is not compact. {{a*)p, —p,—{(a)p,—~{(a;a)p,—~{a;a;a)p,...}
Its satisfiability is decidable (in EXPTIME).
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—M a2 48 First Order Dynamic Logic

Axiom Schema
1. FOL
2. PDL
3. {(x =1)A & Alt/x]

Inference Rule

A— [a"]B, new

A — [a*]B

IC
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Application — Program Analysis

Algorithm GCD

skip := T while x # y do
fail := L7 if x >y then
if B then «a else 8 := B?;a U-B?; 8 Xe—x—y
while B do a := (B?;@)"; -B? else
repeat o until B := «; (-B?;a)*; B? dy'l:_ y-x
{Ay @ {B} = A — [a]B ende\?vhille

[(x=mAy=m)?]((x#y?%(x>y?x —x—y)U(x<y?ye—y-x)";x=y?)x =ged(m,n)
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Hoare Logic

{P} skip {P}

{P[t/x]} x =1 {P}
{P}a {0} {Q}B{R}

{P} «; B {R}
{BAPYa{Q} {-BAP}B{0}
{P} if B then «a else B {Q}

P1 > Py {Py}a{Q2} 02— O
{P1} a {01}

{P A B} a {P}

{P} while B do a {—-B A P}

Theorem
The rules of Hoare Logic are derivable in Dynamic Logic.

{x=4Any=3}ifx<ythenz:=x;y:=y+lelsez:=y;z2:=z+1{x=4Ay=3Az=4}
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Temporal Logic

some past / finally future / all past / globally future / next / since / until
A=p|L|-A|ANA|PA|FA|HA|GA|XA|ASA|AUA

M,nE PA iff 3m < n(M,m & A)
M,n e FA iff 3m >n(M,m |=A)
M,n e HA iff Ym < n(M,m £ A)
M,n e GA iff Ym > n(M,m E A)
MneXAiff M,n+1eA

M,n e ASB ifFEIm<n[M,m|:B & Vim<t<n = M,ttA)]

vV vVvyYVYyVvYyy

v

M,n e AUB ifF3m>n[M,ml=B & Vin<t<m = M,thA)]

HA = -P-A GA = -F-A PA = TSA FA=TUA
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Yablo Paradox in Linear Temporal Logic

Yablo Paradox
Aq: for all k > 1, Ay is false.
Ao for all k > 2, Ay is false.
As: for all k > 3, Ay is false.

Ao GaA

Other Versions of Yablo Paradox

always A, o Vm>n:—Ay, E-G(A & G-A)
sometimes A, o dm>n:-A, E-G(A & F-A)
almost always A, < 3k >nVm >k : =A,, E-G(A & FG-A)
infinitely often A, & Vk >ndm > k : -A,, F -G(A & GF-A)
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Temporal Logic — Formal System

Axiom Schema

> Tautologies
G(A —> B) - GA — GB
H(A - B) > HA — HB
A — GPA
A — HFA

vV v.v Yy

Inference Rule
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Epistemic Temporal Logic

'y

e

=
@
<

wE =Kp A FKp

Remark: two-dimensional semantics
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A ANl

L. WNRAREBEAE, BRABXEBEHMATENR BIBARLAE
K.

2. NRAXREBENR, BPABPREBHEHMAATENE, BIARGAR
Bigdk.

3. R, BABRRLAE B, BARRGA LGB

p —op
Op Va-p

a(p — p)
o(=p — —p)
opvo-p X
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FEF (oK)
EFEEFETERZLE.
L EF HREHENS, BaZ/Kt.
2. BF &, TH&aZR?
Vxy(KiHy VKy=Hy —» Fy — Fx) 7

Vx(KyHf VKy=Hf > x=f) V
3. EF A RHERANEZR?
Vxy(KiKyHf VK=K Hf = x =)

4. BF BAEF, BARFR; FEAEGED, FZANEZR &8

For any ‘subjective’ formula A,
Vxy(KiAy VKy=Ay > x=y) z#f h#z
K Hf A=K,=Hf A =KyK,Hf A =K,=K_Hf

5. EF: BEEA. FH WEHER =F, BENEzmaE. &
%EIZ[%J:& 301/413

Moore's Paradox?



EHEFERNAIMEIOIE?

1. God is a being which has every perfection.
2. Existence is a perfection.

3. Hence God exists.

E(Lx(/\Pix/\Ex

iel

Problem: XEHEBINCUE?
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EHEFERNAIRMEISIE

> R: reality

> M: mind

> P: the positive qualities

> x €y: x belongs to y

1. There exists a thing belonging to mind that has all the positive
qualities and no negative quality.

Ax[x e M AVY(ye P o xey)]
2. “Being real” is a positive quality.
ReP

3. Two things belonging to mind that have exactly the same qualities are
identical.

Vxy[xe MAyeM - Vz(xezeo yez) > x=y]
4. God belongs to reality.
ix[xe MAVy(yePeoxey)] €R
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Ax.1
Ax.2

Th.1
Df.1
Ax.3
Th.2
Ax.4
Df.2

Th.3

Ax.5

Th.4

Godel's Proof of God's Existence

Either a property or its negation is positive, but not both. VX[P(=X) & =P(X)]

A property necessarily implied by a positive property is positive.
VXVY [P(X) AOVx[X(x) = Y(x)] — P(Y)]

Positive properties are possibly exemplified. VX[P(X) - 0IxX(x)]
A God-like being possesses all positive properties. G(x) =VX[P(X) - X(x)]
The property of being God-like is positive. P(G)
Possibly, God exists. OIxG(x)
Positive properties are necessarily positive. VX[P(X) — oP(X)]
An essence of an individual is a property necessarily implying any of its properties.

E(X,x)=Xx) AVY(Y(x) - aVy(X(y) = Y(y)))
Being God-like is an essence of any God-like being. Vx[G(x) — E(G,x)]

Necessary existence of an individual is the necessary exemplification of all its

essences. N(x) =VX|[E(X,x) - 03dyX(y)]
Necessary existence is a positive property. P(N)
Necessarily, God exists. 03xG (x)
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Modal Predicate Logic

HAIZREATREA TS |
AJRERTE R ERA I 52

> VxOA — OVxAY
> OVxA — VxOA?

. Barcan Formula
VxOA — OVxA

holds in frame iff
Rwv - D, cD,

. The Converse of Barcan Formula
OoVxA — VxOA

holds in frame iff
Rwv —- D, CcD,
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v

v

v

Propositional Quantifiers

| believe that everything | believe is true: BYp(Bp — p).
| know that there's a truth | don't know: K3p(p A =Kp).
a knows that b knows everything a knows: K, Vp(K,p — Kpp).

There is a true proposition that necessarily implies every true
proposition: Ap(p AVq(qg — TO(p — q))).

I¥pelv = () [elvixp
XcwW
[Vp(op — p)]] = {w e W: Rww}
[3p(p A-Op)]| ={weW:3v+w:Rwv}
[3p(p AVq(g —»O(p = )] =W
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Fitch's Paradox of Knowability

Theorem
If all truths are knowable, then all truths are known.

Vp(p — OKp) +Vp(p — Kp)

1. =K(p A =Kp) EIRIFIE
FA

2. O-K(p A =Kp) FOA

3. =OK(p A =Kp)

4. pA=-Kp Big

5. OK(p A =Kp) BIfE p — OKp

6. =(p A =Kp)

7. p—Kp

Is o(Kp v K=p)?
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BiE — S BEE

> He who refuses to do arithmetic is doomed to talk nonsense.
— John McCarthy

Vx(Refuse(x, arithmetic) — OTalkNonsense(x))

> |t is a truth universally acknowledged, that a single man in possession
of a good fortune, must be in want of a wife.
— Jane Austen

CHuman

Vx(Man(x) A Single(x) A Fortune(x) —

Want, (Hy (Woman(y) A Wife(y, x)))))

> FRAFNEMRIERTR, M IEANES CERTR, I IALERA IAE
i ESTR, Bl JEAmERR IRTERAAmER IR, (B2
iR — R
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Modal Logic

Counterfactual Logic
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David Lewis 1941-2001

Counterfactual Causation

weEADO> B

vEADO-> B
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Indicative vs Counterfactual Conditional

> |If Oswald did not kill Kennedy, someone else did.

> If Oswald had not killed Kennedy, someone else would have.
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Antecedents and Consequents

—A “A
A-8’' A=B~

| did not strike the match o
if | had struck the match, it would have turned into a feather °

B B
A8’ A=B”

George W. Bush won the 2004 United States presidential election

If the newspapers had discovered beforehand that
Bush had an affair with Al Gore, he would still have won

401 /413



Antecedent Strengthening

A—>C v Ao-C
AANB—C AANBDO- C

If | went to the beach, | would have a good time

If | went to the beach and got attacked by a shark, | would have a good time

The closest world where | go to the beach and get attacked by a shark is
much further removed from the actual world than the closest world where |

go to the beach is. 402/ 413



Transitivity

A— B A~ B A~ B
B—>C Bo— C AANBO—> C
— Y =X
A—-C Ao~ C Ao- C

If | were king, | would wear a crown
If I wore a crown, people would find me ridiculous

If | were king, people would find me ridiculous
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Contraposition

A— B Y A~ B

If Goethe hadn't died in 1832, he would (still) be dead now

If Goethe weren't dead now, he would have died in 1832
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Minimal Change Semantics

Definition (Sphere Model)

A sphere model is a triple M = {W,0,V}, where W # 0,
V : Atom — P(W), and O : W — P(P(W)) assigns to each world w a
system of spheres O,,. For each w, O,, is a set of sets of worlds such that:

1. Oy is centered on w: {w} € O,,.

2. 0,, is nested: whenever S1, So € O,,, S1 C Sy or S C S7.
3. O, is closed under non-empty unions.

4. O, is closed under non-empty intersections.

Definition (Counterfactual Conditional)
M,w E A O~ B iff either
1. forallvel O, : M,vEA, or

2. for some S € O,,,

2.1 M,vE A forsomev € S, and
22 forallveS: M,ve A — B.
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Minimal Change Semantics

Problem
How do humans represent “possible worlds” in their minds and compute
the closest one, when the number of possibilities is far beyond the capacity

of the human brain?
406 /413



A2 4

v

vV v.v Yy

Formal System

n
/\ Bi - C
i=1

/n\(AD—>Bi)—>(AD—>C)
i=1

A= A
A~ B AB—>A) > (A C) o (B> C0)

((AVB) 0> A)V((AVB) O~ B)V ((AVB) 0> C) & (A o
C) A (B o> C))

(A A) > (B> A)

(A -B)V((AABO—- C) o (A (B—(0)))
(Ao> B) » (A — B)

AAB— (At> B)
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Gettier Problem: Is Justified True Belief Knowledge?

Propositions

Smith believes “Bob owns a Ford”.
He was told this by Bob.
Bob then sells his Ford.

Meanwhile Bob wins a Ford in a raffle.
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Epistemic Justification

~N S A N
N N AN

7]

> Internalist theory of epistemic justification.
> Foundationalism
— S’s belief p is justified iff either
(a) p is a basic belief; or
(b) p is a non-basic belief justified inferentially by S's basic beliefs.
> Coherentism
— S’s belief p is justified iff S has a coherent set of beliefs which
includes p.
> Externalist theory of epistemic justification.
> Reliabilism
— S's belief p is justified iff p is produced by a reliable cognitive
process.
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UERKIERR

1. —MEERERS —MERIERRL.
2. RAUEFIEINIERL.

3. IERER R ESH.

4. BRIERIYSSE.

> FENSREES.

» ERtieEIER 1.

> BIRICEIER 2.

> RZ/RTIER 3.

» EGHICEIER 4.
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Nozick's Truth-Tracking Condition

Nozick's Truth-Tracking Condition
S knows that p iff:
1. pis true;
2. S believes that p;
3. if p were not true, S would not believe that p;
4. if p were true, S would believe that p.
Kp:=p ABp A (=p o> -Bp) A (p O— Bp)

Kripke's counter-example — Fake Barn Country
> Smith is driving in a country containing fake barns.
> The fake barns are painted green.

> In the midst of these fake barns is one real barn, which is painted red.
1. Smith looks up and happens to see the real barn. “l see a red barn.”
2. What if Smith looks up and forms the belief “l see a barn”?

» Smith knows “there is a red barn”, but doesn't know “there is a barn”.
411/413



MEEE vs &REBSC

S1 | know “| have hands". Kp
So | know if “I have hands” then "l am not a brain in the vat™. K(p — ¢q)
S5 1 don't know that “l am not a brain in the vat”. -Kqg

Remark: | fail to know that “I am not a brain in the vat” —=Kg, since |
would falsely believe “I was not a brain in the vat” in the closest world in
which | am a brain in the vat.

> Nozick's definition of Knowledge

Kp:=pABp A (=p 0> =Bp) A (p O0- Bp)
then K is not closed under known entailment.
Kp,K(p — q) ¥ Kq
> By Sosa's definition,
Kp:=pABpA(Bp o> p)A(p o Bp)

then
Kp.K(p — q) £ Kq
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